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Abstract

We prove the existenceof point and global attractors for the Lorenz
equations and implement an algorithm which allows us to compute
approximations to the global attractor. The e®ectof humerical errors
arising from the solution technique are considered. Finally, we use
the approximation algorithm to derive a new estimate for the fractal
dimension of the Lorenz global attractor.

This project is included with a code booklet and a com-
pact disc which contains a copy of the project website

http://www.maths.w arwick.ac.uk/» tearne/
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1 Attractors, Existence and Prop erties

1.1 Intro duction

The Lorenz equations,

dx

a i X+ Yy
d
d_)t/ = IXj Vyij Xz
dz Xyi z
dt - y|

¥% ;r>0

were derived by Edward N Lorenz around 1961, whilst investigating the
phenomenonof cornvective °ow in a medium where there is a di®erencein
temperature betweenbottom and top horizontal planes.

Warmer

Figure 1. Convective °ow betweenwarm and cool planes.

When the temperature di®erencerises above a certain level then linear
variation of temperature is replacedby a convective °ow from hot to cold. A
further increasein temperature di®erenceaesultsin a complicatedturbulent
motion. In fact, the Lorenzequationsare not a precisemodel of this situation,
but a 3-mode Galerkin truncation of a larger system of partial di®ereial
equations. Adding more modesstopsthe systemfrom being chaotic (Curry
1978), but one would expect that adding further modeswould result in the
systembecomingchaotic again - sincethis is the behaviour we expect from
the real life situation.

Herex is related to the velocity of the turbulent motion whereasy and z
can be thought of astemperature in the two dimensionalplane heatedfrom
belon. As a result of the truncation much of the \in teresting” behaviour
disappears,but the Lorenzequationshave becomea standard simpleexample
in dynamical systems. The classicalparametervalues¥= 10, = 8=3 and
r = 28 (asusedin Lorenz' 1963paper) will be usedthroughout this project.



1.2 Basic Theory

The solution to the Lorenz equations de nes a dynamical system on R3,
sincefor every point p 2 R3 there exists a unique solution which is de ned
for all forwards time. The dynamical systemconsistsof the phasespaceR?,
togetherwith a semi-°ow S(t), (R3; S(t)). The °ow actson a point ug in the
phasespaceto give the solution S(t)ug of the equationat time t with initial
condition ug. S(t) is cortinuousin both t and ug, and can be de ned to act
onasetX % R3 by [
S(H)X = S(t)uo:
up2X

Here we will considera generaldynamical systemon H = R" and then
apply the theory with n = 3 to the Lorenz equations. In generalit is only
sensibleto considerthe semi-°ow S(t) for t , 0, howewer there are times
when we can considerbadkwards time.

De nition 1 De ne a complete orbit to be a solution of the equations de-
scribing the systemthat is valid for all t 2 R.

The Lorenz equationsexhibit sensitive dependenceon initial conditions.
This meansthat no matter how smalla perturbation is madeto ug the change
in solution over long time intervals can never be made arbitrarily small. So
we can start two solutions arbitrary close, but evertually they will not be
close!. Figure 2 demonstratesthis for a plot of x vs t, the left graph with
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Figure 2: Sensitive dependenceon initial conditions.
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The two solutionsappear the sameuntil t = 23, after which they seemto
have no relation to ead other at all. It is this property that attracted Lorenz

LWe do however have cortin uous dependenceon initial conditions, but only on bounded
time intervals.
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Figure 3: The dist(¢ @ function. The dark line indicates the distance between
setswhen it is non zero.

to study these equationsand concludethat long term weather predictions
were probably not possible(Lorenz 1963).

In the generalsetting a dynamical systemtells us how the solutionsewlve
with respectto time. In acomplicatedsystem,sud asonewhich hassensitive
dependenceon initial conditions or ewlvesin an in nite-dimensional phase
space,a signi cant reduction in complexity can be madeby studying certain
subsetsof the phasespace. The subsetswhich we shall study are related to
the eventual behaviour of the system,thesesetswill \attract” solutionswith
time. Hencewe needsomeway to measurehow far apart any two setsare.

De nition 2 De ne the semi-distan@ betwesn two setsX and Y as,
dist(X;Y) = supinf kx j yk:
x2X ¥2Y
Notice that if X %2 Y then dist(X;Y) = 0, but this neednot be the caseif
Y % X, see gure 3. Hencedist cannot be a metric as the distance should

be O if and only if the setsare idertical. To obtain a metric we must usethe
Hausdor®distance, given by

disty(X;Y) = maxfdist(X;Y); dist(Y; X)g:

This metric will be useful later when we cometo considerhow close sets
\really" are, but for now the semi-distancewill be the main de nition.

De nition 3 A setA attractsa setB under S(t) if
dist(S(t)B;A)! 0 as t! 1
We de ne a setto be a B-attractor if it attracts every boundel set.

Now we can beginto considerone of the simplestkinds of attracting set,
onewhich will attract the trajectory of any point in forward time.
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De nition 4 The point attractor P is the minimal compact invariant set
that attracts every point of the phasesmce.

The point attractor is animportant tool for understandingthe long term be-
haviour of any given point in the system,asit tells uswhereewery trajectory
will evertually go. In the caseof the Lorenz equationswith r > 1 there are
three xed points, oneat the origin and two more at

5 .

P — p— _ _
x¢ = 8§ (rji 18 (ri 1)ril =(§6p2;§6p2;27):

In orderto getanideaofthe shape of P onecanpick a selectionof points, and
apply the °ow to them starting at somelargetime and running to in nit y. Of
course,the chance of choosing one of the xed points has probability zero.
Hencewe may only be appraximating the shape of one of the connected
componerts of P. Figure 4 shavs a Mathematica plot of the trajectory
followed by a point starting at (10; 10; 10) for time t = 0 to 30 together with

the location of the xed points.

Fixed points

Figure 4: The ewlution of the point (10;10; 10) for time t = 0 to 30 and the
position of the xed points.

An applet by Patric Worfolk at,

http://www.geom.umn.edu/ » worfolk/apps/Lorenz/



helps us understand the dynamics of P further by quickly computing the
forward orbit of any point that is clickedon. By clicking on a variety of points
it is easyto get an intuitiv e idea of what the largest connectedcomponert
of P looks like.

The proof behind why a singleorbit can approximate the largest compo-
nert of P is beyond the scope of this project, but in brief would involve de n-
ing a suitable shift spaceon the point attractor. Then, randomly choosinga
point in the phasespacehas probability 1 of having irrational coordinates,
hencerepeated application of the shift map yields density of the orbit in P.
Then the computer approximates theseorbits.

In order to nd a recipe for constructing the point attractor we need
somemore de nitions, the rst of which is that of a dissipative system. This
meansthat any boundedset X will be attracted to a compact setB. Our
point attractor will be a subsetof this setB.

De nition 5 A semi-°ow S(t) is dissipative if there exists a compact B-
attracting setB %2 H.

At this point we have madea decisionto follow a similar analytical route
to that of Crauel (2001)and Babin & Vishik (1992). Another popular de ni-
tion of a dissipative systemrequiresthe existenceof a compact\absorbing"
set, i.e. a set which ewery point will evertually erter after a nite time.
Howewer, our wealer de nition will result in a stronger existencetheorem
later.

The next de nition capturesewerything which is recurrert about the dy-
namicsof any particular set.

De nition 6 The! -limit setof X %2 H is
F(X)="Ffyjo9t,! 1; x,2 X with S(t,)x,! yg

Which is also equivalentto,
\ —
(X) = S(s)X: Q)

t, Os, t

For example,the ! -limit set of a point which is tending to an equilibrium is
that equilibrium alone. And the ! -limit set of a point on a periodic orbit is
the ertire orbit.

The following lemmawill be useful (cf. Crauel 2001).

2The de nition involves compactnesssincein an in nite dimensional space,bounded
setsneednot be compact. Howewer, we are not concernedwith such spaceshere.
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Lemma 1 Suppse we have a decreasing family of compact setsfL,gnon,
asguene &, ! 0, and fX,gnh2n, Suchthat dist{-xn;Ln) - %,. Then there
existsa subsguene x, convegingto somex 2  ,\ Ly.

We now prove someuseful facts about ! -limit sets.

Lemma 2 In a dissimtive system, if X ¥ H is boundal, then ! (X) is
nonempty and compact.

Pro of Fix " > 0, sincethe systemis dissipative there exists somet, suh
that dist(S(t)X;B) < " forall t, to,i.e.

3‘[—
dist S(t)X;B <™

t, to

Taking the intersectionoverto, Oof , , S(t)X and usingequation (1) we
see! (X) is bounded. Clearly ! (X) is closedsinceit is the intersection of
closedsets. Finally by setting L, = B for all n in Lemma 1 we see! (X) is
nonempty.

¥

Lemma 3 In a dissimtive system,if X %2 H then! (X) is invariant under
the semi-°ow. i.e. S(t)! (X) =1 (X) forallt,k O.

Pro of Considerx 2 ! (X), then x = limy; S(tx)Xx for somex, 2 X and
tc! 1 . Hence

i ¢
S(t)x = s(t)’ lim S(txc = lim S(t+ t)x;

wherethe nal equality usesthe fact that the semi-°ow of a dynamical system
is cortinuousin both time andinitial condition. It followsthat S(t)x 2 ! (X),
which implies S(t)! (X) Y2! (X).

To show the reverseinclusion choosex 2 ! (X), again we have x =
limas  S(tk)xk. For all t there existsn sud that k > n impliesty > t, so
S(tk i t)xk 2 S(txj t)X is attracted to B with k. i.e.

dist(S(tx i )x;B)! 0 as k! 1:
Taking L, = B for all n in Lemma 1 we obtain a subsequence

S(ty, i t)xy ! x for some x2 B:



thereforex 2 ! (X). Finally,

X = I(»Iilrln S(H)S(ty i )Xy
= S(t) I(jli!gn S(ty, i )Xy,
= S(t)x
which implies! (X) ¥2 S(t)! (X). ¥

Lemma 4 In a dissipative system,for any boundal setY * H, ! (Y) at-
tracts Y.

Pro of Supposethat Y is not attracted to ! (Y). Then there exist sequences
Vo2 Y andt,! 1 sud that

dist(S(tn)yn:;! (Y)), = for all n:

But S(t,)y, is attracted to B. Using Lemma 1 once again we obtain
a corvergert subsequencewith limit y say. We have dist(y;! (Y)) , + a
cortradiction sincey should be cortained in ! (Y). ¥

1.3 Constructing the Point Attractor

Wewill shov that the setP = .. ! (x) isin fact the point attractor. Since
every point x 2 H is attracted to B, we have that no point of ! (x) can lie
outside B. Compactnessof B implies our candidateis compact. Minimalit y
is clear, for if asubsetF %2 P attracts every point of H, then no point of H nF
canbe an! -limit point, a cortradiction if F is a proper subset. Invariance
is also clear from the fact that ! (x) is invariant under the °ow. We have
shown the following.

Theorem 1 Given a dissipative dynamial system,there exists a point at-
tractor [
P= 1(x)
x2B
wheee B is any compact B-attracting set.



1.4 Constructing the Global Attractor

De nition 7 The glotal attractor A is compact, invariant and the minimal
set attracting all boundeal setsX %2 H.

S(t)A = A for all t, O and dist(S(t)X;A)! O
We will comebadk to this de nition in a momert, for now consider gure 5,

shawing two phaseportraits where the right is a small perturbation of the
left (Hale 1988).

Figure 5. Phase portrait showing introduction of periodic orbit j to P after a
small perturbation (Hale 1988).

We seethat a small perturbation of the systemleadsto the introduction
of the periodic orbit | to P. This \explosion" occurs becauseP does not
take into accourt the homaclinic orbits (the complete orbits which connect
together the di®eren ! -limit sets). We would preferto considera set which
is better behaved under small perturbations of the system, so considerthe
set! (B). S

First we notice that in general! (B) 6 ,,5!(x) = P. For example,
considerthe following ODE and its phaseportrait in gure 6

x=xj x%

il 0 1

Figure 6: Phasediagram for the ODE x = x | x°:

It is clearfrom the phaseportrait that the point attractor consistsof the
setfi 1;0;1g, andB = [j 1;1]is a B-attractor. Also, the semi-°on mapsthe
interval [j 1;1]into itself, thereforeS(t)B = B for all t , 0. Using equation
(1) we have! (B) = [i 1;1].



B | A

o l

Figure 7: A more stable set! (B) under perturbation.

To return to our examplefrom Hale. Considernow the sets! (B), see
“gure 7. Notice now that the set does not explode under the samesmall
perturbation, it changesonly a little - in terms of the distance function. It
can however shrink drastically, but analytically this is lessof a problem than
an explosion.

Giventhe above examplest seemgeasonablgo expectthat the set! (B)
cortains the unstable manifolds of ead point in B, indeedwe shall prove this
later.

Theorem 2 Given a dissiptive dynamial systemthere exists a glokal at-
tractor A = ! (B), where B is a compact B-attracting set (cf. Crauel 2001).

Pro of of Theorem Compactnessand invariancefollow from Lemmas2 and
3 respectively.
Supposethere exists someboundedset U sud that

dist(S(t)y;! (B)) , £ 8t>0:

By Lemma4 We know that ! (B) attracts B andthat ! (U) ¥2 B, hencethere
existssomeT > 0 sud that

dist(S(T)! (U);! (B)) < £
By invarianceof ! (U) we have
dist(! (U);! (B)) < %

a cortradiction. Thereforeevery boundedset s attracted to ! (B).
Finally, we have ! (B) is the minimal sud set sinceit is invariant and
attracts all boundedsets,i.e. attracts itself. ¥
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1.5 Existence of Point and Global Attractors for the
Lorenz Equations

It is enoughto shaw that a large enoughspherecertered onp = (0;0;r + %)
is attracting (seeRobinson2001or Sparronv 1982for example). Let B(x;r)
denotea ball of radius r and certer x.
Consider
V(x) = x*+y?+ (zi ri %%
Then
&V oy = Vo, dvdy dvd
dt dx dt dy dt dzdt
= W% % 2 22+ 2 (r+ Yz
= P24 % T (zi v WP T T (r+ )
i &V + T (r + %>

where®= min(2%;2; ). This givesthe solution

(r+ %2

+C i et
® (x)€

V(x(1)) -

Let K = 2% thenlimy,  V(x(1) - K.
We have shown that the squareof the distancebetweenany point x and
p ewlvesasV (x(t)) andis evertually lessthan K. Let X %2 R3 be bounded.

By choosing somer suxciently large we can arrangethat X % B(p; " T),
which shavs that X is absorked to B(p; K).

Hencewe have showvn B(p; K) is a B attractor (in fact it absorbsall
boundedsets),i.e. the systemis dissipative. Applying Theorems1 and 2 we
have the existenceof point and global attractors respectively.

In fact, in R" it is easilyshawn that if asetD absorbsewery point in nite
time then it alsoabsorbsall boundedsetsin nite time (Robinson2001).

1.6 Structure of the Global Attractor

In the next section we will consideran algorithm that computesapproxi-
mations to the global attractors. To completethis sectionwe considertwo
analytical results on the structure of the global attractor, which help provide
insight into why the algorithm works.

Theorem 3 All completeboundel orbits O lie in A.

11



Pro of Supposethat O is not cortained in A, then for some" > 0 there
exists somex 2 O sud that x 2 N(A;"). Howewer, since A attracts all
boundedsets,for t large enough

dist(S(t)z;A) < " forall z2 O:

Since O is a complete orbit, x = S(t)x for somex 2 O, which gives a
cortradiction. ¥

De nition 8 De ne the unstablemanifold of a set X as
WY(X) = fup 2 HjS(t)ug de ned 8 t; dist(S(j t)ug;X)! Oast! 1g:
Theorem 4 If X is a compact invariant set, then

WU(X) % A:

Proof Let u 2 WU(X). Then by de nition u lies on the complete orbit
Y = [ 2rS(t)u. Ast! j1 weknow that dist(u(t);X)! 0,andast! 1

we know that dist(S(t)u; A) ! 0, sothe orbit S(t)u is bounded. Thusu lies
on a completeboundedorbit, and by the previoustheorem,u 2 A. ¥

In particular, if X consistsof all the unstable xed points and periodic orbits
in B, then the unstable manifolds of theseare in the global attractor.
Let us determine the stability of xed points for the Lorenz equations.
The linearisedsystemat x is given by
0 1

@riz) il ixA:
y X i

The Lorenz equationsare symmetric in the form (x;y;z) A! (i X;i Y;2),
which meansthat xs have the sameeigervalues. Using Matlab we calculate
theseasj 139 and 0:0948 10:195, meaningthesepoints are slowvly repelling
spirals. This shaws that the unstable manifolds of xs are 2-dimensional. By
Theorem4 we seethat the dimensionof A must be greaterthan or equalto
2. We shall investigatethis further in Section4

12



2 Drawing the Attractor
2.1 The Algorithm

We now considerthe algorithm of Dellnitz & Hohmann (1997) which ap-
proximates global attractors. Sincewe are consideringdissipative systems
the forward orbit of any point will evertually be bounded. To determine if

points are in the attractor we will considerpre-imagesof points. This will

essenally rely upon Theorem 3, sinceif an orbit \blows up" in badkwards
time then it cannot be in A. The algorithm will alsotake advantage of the
forward invarianceof A. In this subsectionwe descrike the algorithm in its

full generality, leaving its application to the Lorenz equationsto Section2.2.

The dynamical systemsconsideredsofar have all beencortinuousin both

time and space.Now we needto considerthe dynamical systemas discrete
in time. This is doneby specifyingatime step ¢ t and setting x; = S(j ¢ t)Xo
for all j 2 N. HereXg is the initial condition and its orbit forward in time is
traced by the points x; asj increases.This canbe written in a generalform
for discretesystemsby setting f (X;) = S(j ¢ t)Xo. Then

Xj+1 = T (X)) j 2 N:

As with many algorithms, the implemertation on a computer will force
the endresultto be only an approximation of the algorithm. The rst of these
approximations has beenhinted at above, orbits of the discrete dynamical
system will be calculated by a numerical method. We shall seeanother
appraximation later wherewe map only a nite number of points to represen
the mapping of an ertire subsetof R3. In general,one cannot tie the global
attractor down to someboundedsetin the phasespace.Sincethe computer
canonly beappliedto sud set, it calculatesan object known asthe \relativ e"
global attractor.

De nition 9 Let D % R® be a compact set. We de ne the relative glokal
attractor as \
Ap = fI(D):
i, 0

Notice that Ap is indeeda subsetof the global attractor. There are a
number of important obsenations about this de nition.

Firstly, we have that Ap % D and that® f i }(Ap) % Ap, which follows
from the fact that taking the primageof Ap will add another intersectionto

3Strictly speaking we do not know that we can always take a preimagein the Lorenz
system, becausewe have not discourted \'nite time blowup". However, we shall seethat
these concernsdisappear when we come to the actual implementation. For now simply
assumethat we can always take a single pre image.
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the de nition. Howewer, we do not know that f (Ap) ¥2 Ap. Compactness
of Ap follows from that of D sincef inherits cortinuity from S(t).

Secondly in generalit is not true that Ap = A\ D. Supposethat we
have two hyperbolic xed points p and g, with the unstable manifold of p
connectedto g (a homaclinic orbit). Taking Q asin the following diagram
we seethat Ap will not cortain the part of the homaclinic orbit intersecting
D. But aswe have shown in the previoussection,thesesetsare included in
A, see gure 8.

Figure 8: Homoclinic orbits prevent Ap = A\ D.

Fortunately in this case,we have already shavn that the Lorenz equa-
tions possesan absorbingset. Taking D larger than a neighborhood of this
set we can be sure that the relative global attractor is equal to the global
attractor. To keepthe theory generalwe continue to considerthe relative
global attractor.

Considera box D ¥ R3, the domain in which we seart for the relative
global attractor. We will construct successig collections of boxes By that
cortain A, and usethe notation

[
Q= b for k=12 andset Qo= D:

b2 B

The algorithm of Dellnitz & Hohmann (1997) is given by the following.
1) Construct a collection of boxes B} suc that

[ [ . .
b= b and diam(By) < diam(By; 1);

bZB\k bZBki 1
wherediam(By) = maxyg, diam(b):
2) set
Bi=fb2 B\ jfi'(b\ Q16 :9:

The secondstep constructsBy by removing thoseh 2 B which arenot hit
by a pre-imageof somepoint in Q; 1. This is the step which is responsible
for the fact that the current collection of boxes By will always cover the
relative global attractor.

14



Lemma 5 The setsQy obtaineal by the algorithm alwayscontain the relative
glolal attractor, i.e.

Ap Y2 Qy for all k 2 N:

Pro of Supposethere existssomex 2 Ap which is not cortained in Qy; 1 for
somek > 0. This meansthat there is somebox B2 B} cortaining x which
is removed in the selectionstep.

f1i(B)\ Q1= A

This meansthat f i 1(x) 2 Qy; 1. A cortradiction to the fact that f i 1(Ap) %
Ap 72Qy; 1 ¥

The proof that disty(Qx;A) ! Oask ! 1 canbe found in Dellnitz
& Hohmann (1997). But roughly, every subsetof D which is badkwards
invariant must be contained in A. The limit of the Q, can be showvn as
badkwards invariant and combined with the lemmathis makesclearwhy the
Qx will approximate the relative global attractor.

Notice that we have convergencein the the Hausdor®distance,assuring
that the Qx are\really" convergingto A. This is important, becauseas we
shall seelater there are other approximation issuesto worry about.

bottom) for the Lorenz equations.

2.2 Application to the Lorenz Equations

We now considerthe implemertation of the algorithm on a computer for the
Lorenzequations. The algorithm in the paper chopsead box into two boxes,
varying the cutting plane through all the basisdirections. Howewer, | have
chosento usecubesand cut ead into eight smaller cubesat ead iteration
step. This will make the program simpler and faster to run. The part of
the algorithm which is not easily implemerted on computer is the selection
step sincewe cannot calculate the pre-imageof every point in a cube, asin
fil(h)\ Qx. We changethis condition to, for every b 2 By choosea Tnite
setof test points t, = fp; 2 ji = 1;2;::;;npg and set,

By=fb2 B\kj 9bH2 B, and x 2 t, such that f(x) 2 bg:

Sob2 By is kept if there existsa test point somewherdn the test points
of Ié\k, the image of which is in b. Howewer it can still be the casethat

15
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fil(b\ Qx 6 A but no test point mapsinto b. To deal with this we allow
a box bto be reintroducedinto a collection if the image of a test point is in
the domain but not in B,. Moreover, supposethat we are in the selection
step of the algorithm, with the collection B.. To determine which boxeswe
keepead test point is mapped forward and boxeswhich are mappedinto are
kept. If a test point is mapped into D but there is no B to cortain it, then
we simply introducethis box to the collectionBy, gure 10. This stepmeans

___________ Box Collection 2

This box will be introduced

o oo of! Test points

Figure 10: Boxes are intro duced when a test point mapsinto them.

that ask! 1, all boxeswill be introducedor retained which contain part

16



of the global attractor. This assumeghat the time stepis chosensuzciently
small, otherwisewe could have somebox cortaining an unstable point with
its test points lying on the unstable manifold. After onetime step thesetest
points move far away from the unstable point leaving a hole, see gure 11.

No test points map inside

Figure 11: Too large a time step can lead to holesat unstable points

On the other hand, choosingtoo small a time step resultsin much slowver
corvergence,hencewe must compute more iterations to get a good idea of
the shape of A.

Figure 12 shavs someprojections of the data producedby the algorithm.
The top three imagesare projections down onto the xy, xz and yz planes
(from top to bottom). Figure 13 shows 3-dimensionalviews of the attractor
from various angles. All imagesinclude a short point orbit to help give an
impressionof the \°o w" in the attractor.

It is recommendedhat the readerlooks at the 3-dimensionalanimation
of the approximate Lorenz global attractor as this shows the shape of the
approximation and cornvergenceof the cubesfar more clearly. This can be
obtained from the project website. From this point we shall refer to approx-
imations of A asA.

2.3 The Choice of Time Steps

Notice that in gures 12 and 13 the boundary of A doesnot appear smaoth.
This is unexpected becausethe vector eld (given by the right hand side of
the Lorenz equations)is smaoth.

It is suspectedthat this is becausehe vector eld doesnot have the same
\speed" around all of A (Sparrow 1982). It is this vector eld which deter-
minesthe °ow, hencethe trajectory of a point travels at di®eren speedsat
di®eren points in the phasespace.The modulus of the vector eld is great-
estnearthe origin, thus a relatively small time stepis requiredto erure that
the unstable manifold near the origin is included in the attractor. Howewer,
near the two other xed points the °ow is much slover. Sowe may have
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Figure 12: Projections of approximations to A.
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Figure 13: 3D views of approximations to A.
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chosena time step which is small enoughto allow the unstable manifold of

the origin to be resoled, but too small to provide the optimum cornvergence
rate near other parts of A. Figure 14 shavs how A changesunder di®erert

choice of time step®.

Time sep =0.7 Time sep = 1.75 Time sep = 14

Figure 14: Projections shaving the e®ectof time step on A.

Notice that the generalshape of A doesnot change. This is related to
the semiconinuity of the appraximation in the Hausdor®distance that we
will introducein section3.

The time step usedfor the results of this project (unlessotherwisestated)
has been carefully chosen, by visual inspection where possible, as slightly
smaller than necessanto allow the origin to be included in the appraxima-
tion. The reasonfor this is that in subsequeniterations the sizeof the cubes
decreasesThe time step may now be too large for the new resolution, lead-
ing to a small hole deweloping at the unstable point. Looking againat gure
9 we can seea small missingbox at the baseof A at the sixth iteration. This
is a result of a deliberate choice of time step which is slightly too large for
the sixth iteration.

It would be desirableto get the program to use a variable time step,
the value of which is determined by the modulus of the vector eld. This
would result in more uniform convergenceof A, and we could alsoassurethe
inclusion all unstable points. Howewer the convergenceof the algorithm is
still expectedeven though it may be slowver in somepatrts.

2.4 Higher Order Visualisations

Visualisation of the approximations hasonly beenpossibleup to the sewerth
level, eventhough ten iterations have achieved numerically. This is dueto the
computer not being able to draw the large number of boxes/points beyond

40f course,the time step we refer to is not computed as a single step, but as a series
of smaller time stepsto increaseaccuracy
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the sewerth level. In the caseof the 3-dimensionalimagesof cubes,boxesare
removed which are not seen. Without this reduction in load 3-dimensional
visualisation of cubeswould only be possibleup to level 6. As well asusing
more powerful computersfurther optimisation of the graphicsroutines would
allow improvemeris in resolution, and thus we could be more sure that we
have chosena good time step.

3 Numerical Considerations

In this section we will assumethat the algorithm of Dellnitz & Hohmann
(1997) approximates the global attractor and that the only numerical ap-
proximations are a consequencef the Runge Kutta routine. This means
that we are not dealingwith f = S(¢ t), but somenumerical approximations
to the semi-°owv which we call S; ;.

The ideais to shaw

disty(A¢t;A)i! O as ct! O

This involvesshowing that dist(A¢¢; A) anddist(A;A¢¢) canbe madesmall,
theseresults are called upper and lower semiconinuity of the setsA¢ re-
spectively. Unfortunately lower semiconinuity is not known, and we shall
examinethis later.

If we knewthat ead of thesenumerical approximations possessed global
attractor of their own, all of which are cortained in a boundedset, then we
could easily show the desiredupper semiconinuity result. This is included
for completenessn the following theorem, Robinson (2001).

Theorem 5 Assumethat for some” o, © < "o the semi-°ow S each posses
a glofal attractor A-, and there existsa boundel set X suchthat

[

0 "< o

A 2 X:

If the semi-°ow S convelgeto Sy, then

dist(A-;AQ)! O as 1o

Pro of SinceX is by de nition a boundedset, it is attracted to A,. Sothere
exists sometime t sud that

S(H)X Y2 N (Ao; "=2):
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Therefore,for © suzxciently small (" < " (") sa&),

supj S (t)x i Sp(t)x j< "=2:

x2X

Thus for this *, sinceA- 2 X
A = SA %SH)X 2N (Ag"):
Hencefor = < " (") we have
dist(A-;Ag) - ™

¥

Howewer, we do not know that ewen the dissipativity of the systemis
presened by the numerical technique. Hencein this sectionwe considerthe
numerical stability of A, starting from results on the Runge Kutta routine.
We will needa weaker conceptthan global attractor.

De nition 10 De ne alocal attractor to be a setwhich attracts someneigh-
borhood of itself.

We aim to show that the numerical appraximations possedocal attractors
A¢¢ and that theseare closeto the global attractor A for the actual system.

Resultsin this sectionare from Stuart & Humphries (1998) unlessother-
wise stated .

3.1 Upp er Semicontin uity

We begin by quoting the following result which has beenshavn to hold for
all Runge Kutta methods and for systemsof the form

‘:'j_‘: =f(u u@0)2R" f2C(R";R"); (2)

in particular for the Lorenz system. In this project a foruth order Runge
Kutta routine has beenusedwhich meanswe take r = 4 in the following
theorem.

Theorem 6 C! Conver gence of Orbits (Stuart & Humphries19986.2.1)
Consider the approximation of the system 2 by an appropriate numerical
methal. Let B be a bounda convexset and consider all points u such that
S(t)u 2 B for all t 2 [0;T]. It follows that, for any + > 0, there exists
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constantsK = K(B;+) andt. = t,(B;%) > O suchthat if ¢t 2 (0;t.) and
tn = n¢t 2 [0;T], then Sg,u 2 N(B;+) and we have the following error
estimate

kSg.uj S(tn)uk- (T et (3)

Sofora xed T, letting ¢t! O yields corvergenceof the orbits, but for
‘xed ¢tletting T! 1 givesnoinformation. This is expectedin the caseof
the Lorenz equationssincewe know there is sensitive dependenceon initial
conditionsand a tiny error will be introducedby the rst application of Sg ;.

Theorem 7 Existenc e of a Positively Invariant Set Let B be any
boundel, positively invariant set and supmse the dynamial systemis ap-
proximated by a numerical methal satisfying the alove assumption. Then
for all " > 0 suzciently smal there existst, = t¢(") > 0 suchthat for all
¢t 2 (0;te), there existssomeB, positively invariant under S¢; satisfying

N(A;2") ¥%2B % B¢ ¥%2N(B;"=2):

Pro of Chooseany " > 0 small enoughto ensurethat N (A;2") 2 B. Since
A is an attractor there existssomety , 0 sud that

dist(S(t)B;A) < "=2 for all t, to: (4)

Apply the previoustheoremwith T = 3ty and + = "=2 to obtain some

tc = to«(N(A;"=2)) > 0. Now for any ¢t 2 (0;tc), any up 2 B and any n
such that n¢t 2 [0; 3tg], we have that dist(S(t)B;A) < "=2 and the error

estimate (3) holds.
For ng the smallestinteger satisfyingno¢ t , to we de ne,

[ n
B¢t = S¢iB; 5)

0- n<n o

which satis esB %2 B¢ 2N (B;"=2).
Let K = K(N(B;"=2)) and reduce¢ t. if necessaryto satisfy,

A —
Pl Sexw; 1)

Now, the error estimate (3) implies that for any u 2 B,

e, = kSg,uij S(n¢t)uk- "=2  for all ne¢ t 2 [0; 3to] (6)
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We now shaw that B¢ is positively invariant under S¢;. Supposethis
is not the case,i.e. there existssomex 2 B¢ sudt that Sgx 2 B¢;. But
from the de nition of B¢ there exists somem betweenl and ng sud that
SeixX 2 SB. In fact m = ng sinceotherwise S¢x 2 S,B %2 B¢y, from
(5). HenceSgix = S{%up for someu, 2 B. Notice that nott 2 [to; 3to],
hencesincee, - "=2 for all up 2 B and n sud that n¢t 2 [0;3tq] , it
follows that kS{%uq i S(no¢ t)ugk - "=2. But sinceA is a global attractor
dist(S(ng€ t)ug; A) - "=2, it thereforefollows that

SetX = S%Up 2 N(A;") 2B % By

a cortradiction. 4

Theorem 8 Existenc e and Upper Semicontinuity of Attr actors Ay
For ¢t 2 (O;tc) the semi-°ow Si, hasan attractor A¢; = ! ¢(B) 2B and

dist(A¢;A) ! O as ¢cti! O

Pro of By the previoustheoremwe have t. > 0 and positively invariant sets
B¢ correspnding the semi-°onv S¢¢. SinceA is an attractor there exists
somet, , O sud that

given ">0 dist(S(t)B;A) < "=2 for all t, to: (7)

5

We shaw that under S¢¢, the set! ¢((B) is an attractor which attracts B.
To do this we rst shav ! ¢(B¢¢) is an attractor attracting B¢, and then
that ! ¢¢(Bet) = ! ¢t(B).

Forall "> 0,u2 B andn sud that n¢t , to,

dist(S¢ (u; A) = igl kS¢iui xk
X
kSgui S(n¢t)uk + igi kS(n¢ t)uj xk
X
kSg:ui S(n¢t)uk + dist(S(n¢ t)u;A):

SinceA attracts B under S(t) it follows from (7) that dist(S(n¢ t)u; A) <
"=2. Combining this with the error bound (6) it follows that

dist(S¢u; A) < " for all n:né¢t2 [to; 3to]: (8)
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It then follows that for all ¢t 2 (0;t,)
dist(Sg B¢ ;A) < " for all n:nc¢t2 [to; 2to]: 9

To seethis, suppose(9) doesnot hold. There existsv 2 B¢ sud that
dist(S§,v;A) , " for somep sud that p¢t 2 [to; 2tg]. Now by (5), v = S,u
for someu and m with m¢ t 2 [0; to]. HenceSy v = Sg; Pu where(m+p)¢ t 2
[to; 3to]. Thus, by (8) we have that dist(S{,v;A) < ", a cortradiction.

Now, we argue by induction to show that for any integerk , 2

dist(Sg B¢ ;A) < " for all n:nét 2 [to; kto]:

We already know this is true for k = 2 from (9). Consider an integer n
sudh that ktg - n¢t - (k+ 1)tg. Choosem sud that m¢t 2 [to; Kto]
andletp=nj m. Thenn¢t = (Im+ p)¢t and p¢t 2 [O;ktg]. Now
SP B¢t = S SE B¢t ¥2 ST B¢ and sinceBy  is a positively invariant setit
follows that S¢ B¢ %2 B¢ . This implies that

Sgth:t = Sg‘thtB(;t ]/ZS(?]tBtT,t:

Thus sincem¢t 2 [to; ktg] it follows from the inductive hypothesis that
S¢iBet 2N (A;"), and hencethat

StBet 2N(A;") forall n:né¢t, to:

This completesthe induction step. T

Recallthe de nition ! ¢{(B¢) = mSg B¢ t. It follows that

m,0 n-
S Bet 2N(A;");
n, No
whereng is the smallestinteger sud that no¢t , to, and hence! ¢((B¢:) %
N(A;"). ThussinceN(A;") 2N (A;2") 2By, it followsthat ! ¢((B¢t) %2
B¢t sothat ! ¢:(B¢¢) is a compact invariant set which attracts B¢; and
hencea neighborhood of itself. HenceA = ! ;{(B¢¢) is an attractor for the
semigroupSg;, and furthermore A¢: ¥2 N (A;"). Since" > 0is arbitrary the
required corvergenceresult follows.
Finally, note that from the de nition of B¢ (5) that forany m , O,
[
S¢iBet” S¢B
n, m n, m

and hencethat ! ¢{(B¢¢) = ! ¢¢(B). ¥

We have shown the existenceof local attractors which are controllably
largerthan A. Notice that by setting ¢ t suzxciently smallin Theorem?7, the
basin of attraction for AL canbe made arbitrarily large.
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3.2 Lower Semicontin uity

In order to shav lower semiconinuity we needto know more about the
structure of A, in this casethat A is the closureof the union of the unstable
manifolds of a nite number of xed points.

De nition 11 A xed point x of the system(2) is hyperkolic if none of the
eigenvaluef d (x) lie on the unit circle.

Assumption 1 Supmsethat A hasthe form

A= W
X2E

whee E is the nite setof hyperbolic xed points of (2).

Unfortunately there is no known proof of Assumption 1 for the Lorenz
equation. It is possiblethat the recent work of Tucker (1999) can be usedto
dewelop a proof basedon numerical techniques. Tucker proves numerically
that the Lorenz equationssharemany properties with a simpler geometrical
model introducedby Guckenheimer(1976) & Williams. Whether this allows
usto shaw the required result on the unstable manifolds will require further
researd.

We include the lower semiconinuity theorem for completeness. For a
proof refer to Stuart & Humphries (1998) 7.7.3.

Theorem 9 Lower Semicontinuity of Attr actors Considerthe approx-
imation of system(2) by a numerical metha which convegesas in the es-
timate (3). If the glokal attractor satis es Assumption 1 there exists some
tc > O suchthat for all ¢t 2 (0;t.), the semigoup Sg, hasa glolal attractor
which satis es

dist(A;A¢) i! O as ¢cti! O

4 Dimension of the Lorenz Attractor

Considerthe illustration in gure 15 of the Lorenz global attractor. Notice
how the °ow appearsto fold spaceappearsonto itself, suggestingthat there
may be interesting structure to the crosssectionof the attractor. This intu-
ition turns out to be correct, the crosssection of the attractor looks like a
Cantor set(Sparrov 1982). The cantor setis consideredto have a dimension
strictly betweenO and 1, suggestinghat A may have a non-integerdimension
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Spacegetsfolded here

Figure 15: Orbits in A get folded badk onto themseles.

too. At the end of Section1.6 we noted that the dimensionof A should be
greaterthan 2. This was becausethe unstable manifolds of the xed points
Xs had dimension2. Furthermore, one can easily calculate the divergenceof
the vector eld for the Lorenz equationsas

div(f)=j (3+ 1+ )= (10+ 1+ g) <0

Sosmall volumescortract with time, hencewe expect A to have dimension
lessthan 3. Sofar this is intuitiv e aswe have not yet de ned what we mean
by dimension.

For approximations of dimension, the fractal dimensionis the obvious
choiceaswe will show it involvesa calculation on the number of cubescov-
ering the attractor. This data is easily extracted from the appraximation
program. In this sectionwe will de ne the \fractal" dimensionand consider
how to estimateit usingthe algorithm of Section2.1. Another measuremeh
of dimension,the Lyapunov dimension,will be introducedwith relevant the-
ory to provide an analytical bound for the fractal dimension. We alsobrie®y
considerexisting numerical estimatesof the fractal dimension.

4.1 The Fractal Dimension

The \fractal" dimensionof X, a subsetof Euclidian space,is basedupon the
number of " balls neededto cover X, denoted N (X;"). For a surfacethis
number will be proportional to "i 2, for a volume it will be proportional to
"i 3 etc.

De nition 12 The fractal dimension of a set X with compact closue is
given by the limit of the following expression, where N (X;") denotesthe
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numkber of closal halls of radius" nesded to cover X.

di(X) = lim supw

“ro i log
Notice that the set X needsto have compactclosure,otherwisethe number
of covering balls will be in nite. In fact, we may replaceballs with cubes,or
any other set which has nonempty interior. This is important becausethe
programswritten in this project work with cubes, not balls. To prove the
claim, let M (X;") denotethe number of closedcubesof radius® " neededto
cover X . Clearly

N(X;") - M(X5") - N(X;"=3);
and we obtain the inequality
logN (X;") ~ logM (X;")  logN (X;"=3).

i log” i log" i log"
Takeing lim sup,, , of this inequality, the right hand side becomes,
- logN (X;"=3) . log("=3) . logN (X ;"=3) _
“I'"rillsgp i log" Ilr"?!sgp log" ¢I|Tlsgp i log("=3) di (X)

hencewe have shown

. logM (X;"
d(X) - limsup 29MOST) g .
“iro i log
asrequired. )
The corvergenceis slow, and a plot of 2555 against" doesnot ex-
trapolate to the value at " = 0. Our calculations of N (X;") are also lim-

ited by practical computing time and the number of iterations the computer
program can perform beforerunning out of memory. Thereforewe needan-
other way to appraximate the dimension. We expect the constart sizeof A

to be M ¥4 N(X;")"i 9 for " suzxciently small and where d is the dimen-
sion of A. To seethis considera unit cube in RY, and let " = 1=n. Then
N (unit cube; 1=n) = n9, hencethe formula for M returns 1 for all dimensions
d. Taking logs in this formula we have,

logN (X;") ¥4 i dlog(") + logM:

It turns out that a plot of logN(X;") vs i log" approximates a straight
line whenj log" is large enough, the gradiert of which approximatesd, the
dimension,see gure 16. Denotethis straight line by L.

SWhere the radius of a cube C is de ned as %diam(C).
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i log”

Figure 16: Gradient of approximating line L givesfractal dimension.

It should be emphasisedthat the approad we will useto court boxes
di®ersfrom existing techniques. Here we use a direct geometric approad
to cover the attractor with increasingaccuracy whereasexisting methods
iterate the orbits of points which are closeto the attractor and then count
boxescortaining theseorbits. The problemwith the latter is that for " small
the probability of visiting certain boxesvanishes,and this problem hasto be
overcomeby extrapolation (McGuiness1985).

4.2 Other Measures of Dimension

There are also other well known de nitions for the dimension of arbitrary

sets. For example, the Hausdor®dimension (Doering & Gibbon 1995) is
harder to compute explicitly for a given set but is \nicer" theoretically. To

illustrate this suppose B; are a courtable number of subsetsof X. The
Hausdor®dimensionof [ {B; is the sameasthe suprenum of the Hausdor®
dimensionsof every B;. With the fractal dimensionthe sameis true only for

“nite unions (when de ned).

Another de nition of dimensionis the Lyapunos dimension, which is
given by the Kaplan-Yorke formula. This usesglobal Lyapunov exponerts
to calculate a dimension which is completely determined by the dynamics
on the attractor. To determinethe global Lyapunov exponerts (henceforth
we omit the word global) for the Lorenz equationswe study the ewolution of
in nitesimal n-dimensionalvolumesfor n - 3. Consideran in nitesimal n-
dimensionalball in the phasespace.Under the °ow it will becomestretched
and distorted but sinceit is in nitesimal it will still be an ellipsoid. There
aren axesf®(t)gyL, of this ellipsoid and the Lyapunos exponerts f » (t)gL,
are the maximum growth rates satisfying ®(t) ¥4 ® (0)e”®.

From the divergencecalculation we know that 3-volumesare cortracted
and follows that » + » + »3 should be negative. One can shawv that the
maximum rate of growth of areasis at the origin, which is a xed point and
thus contained in A.

Linearising the vector eld asin Section1.6, we seethe °ow at the origin
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Figure 17: Balls are distorted by the °ow, and can be re-covered by balls.

has eigervalues % 11:83::: and j 2283:::. Therefore we calculate that
» + » Y2 9:1::: (the maximum growth rate of areas). Hence2-dimensional
surfacesare stretched which is consistert with our prediction that A should
have dimensiongreater than 2. The following heuristic argumert is based
upon that in Doering & Gibbon (1995). Expressionsare not simpli ed to
their fullest sothat generalisationto higher dimensionsis clearer.

Supposewe cover A with N(A;") 3-dimensionalballs. The volume of
ead ball is initially » "2 and after the semi-°ow operatesfor a time t we get
an ellipsoid of volume » "3g1*>2*»)t The union of theseballs still covers
A. By maximality in their de nition, the last Lyapunos exponert must be
the most negative. It follows that the smallestaxis of ead ellipsoid will be
"e=t < ", Now cover eat of the ellipsoidsby balls of radius "e=! (‘gure 17),
the total number of balls neededto cover A is now,

||3é»1+ »m+»3)t N (A, u)

"3e3»3t
= e(>>1+ »i (3j 1)>g)tN (A;u):

N(A;"e?)

Using the de nition of fractal dimensionwe obtain,
log[N (A;"e”")]

d.(A) Ya IiTlsup logZe ]
= @D+ 22
i ™

which is the Kaplan-York formula (Kaplan & York 1979). We useit to de ne
the Lyapunov dimension.

De nition 13 For a glofal attractor A de ne the Lyapunov dimension d.

by1
+ 0+
do=hj 1+ 2 >

TRl (19

P Aj 1 P
whee 1;», Oand _;» <0.
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The derivation of the method for calculating Lyapunov exponerts is quite
long and is thus omitted here. Two of the clearest explanations can be
foundin Doering & Gibbon (1995)and Robinson(2001), the former of which
calculatesan upper bound on the right hand sideof equation(10) as2:401: : :

The Lyapunov dimension bounds the Hausdor®dimension (Douady &
Oesterl] 1980), and this provides classicalupper bound for the Hausdor®
dimensionof the Lorenz global attractor..

4.3 Existing Bounds for Fractal Dimension

Hunt (1996) shaws that the Lyapunos dimension also bounds the Fractal
dimension. By the previousresults we have an analytical bound of 2:401:::
for the fractal dimensionof A.

There are also numerical estimatesof the fractal dimensionof A, often
quoted in papers (amongst others Grasslerger & Procaccia1983, Temam
1997,Russel,Hansonet al. 1980and Hentschel 1982)as around 2:05. How-
ewer tracing the referencesdoes not reveal the original sourcefor these ap-
proximations. Moreover, one sud paper (Greensideet al. 1982)shaws that
Takensmethod (Takens1980)for computation of di doesnot corverge. Es-
serially, Takensmethod approximatesthe fractal dimensionof attractors by
courting "-cubeson orbits of points which are closerthan " to the attractor
and then taking the limit as" ! 0. An important questionis how long to
ewlve the starting points before stoping and then restarting with a smaller
". This is related to the issueproducing the corvergenceproblems,for as™
decreaseghe probability of visiting certain parts of the attractor vanishes
(DAr°e & R. Graham 1983). Theseare points closeto the unstable points
at the certer of the \eyes". It is this corvergenceproblem that McGuiness
(1985) attempts to overcomeby extrapolation.

4.4 The Numerical Result

Beforegiving the numerical estimatefor the fractal dimensionof A, it is very
important to understandthe e®ectof the various program parameterson the
data. We have already noted that the use of uniform time step can lead
unexpected results, and without a thorough analysis on the robustnessof
the results obtained by the program one must remenber the estimateis only
a rough appraximation. Unfortunately there has not beenenoughtime and
accesgo powerful computing facilities during this project to carry this out.
Having said this, a great deal of e®orthas goneinto choosingthe besttime
step and visual inspections of the attractor have beenmade (so far as are
currently possible)to ensurebasic properties, sud as inclusion of unstable
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points in A, hold. A number of signi cant overhaulshave already beenmade
to the program to obtain the estimate.

Finally, notice that the fractal dimensiond; : R" ! R, 0 is not con-
tinuous when R" is given the Hausdor®dimension metric, or indeed any
metric. For a point p 2 X, disty(p;N(fpg;")) = ", but di(fpg) = 0 and
di(N(fpg;")) = n wheren = d;(X). Hence,there is no reasonwhy our
attempts to make disty (A; A) small shouldresult in the closenes®f their di-
mensions. This is a potential problem which requiresfurther consideration,
howewer there have not beenany indications that the numerical result we
shall give is signi cantly inaccurate. Indeed, all experimertation with the
programshas lead to only small di®erencesn the dimension (provided the
origin hasremainedinside A), asopposedto the large di®erenceseenin the
above example.

Figure 18 shows the logN (X;") vsj log" plot of the data obtained.
The program was run up to the tenth iteration, providing a smallestvalue
of " = 0:06640625. Mathematica was usedto perform linear regressionon
the data set, successiely removing more of the beginning points. We obtain
the numerical estimate by extrapolating the graph of the linearly regressed
dimensionsversusthe number of removed points. Figure 19 shovs how we
obtain the estimate,

di(A) = 2:0458 0:003

45 The Num ber of Test Points

In section2.2 we neededto introducea nite collection of test points within
a cube, the imagesof which will represem the imageof the ertire cube under
the discrete semi-°ov. An obvious questionis how will the number of test
points a®ectthe estimate of A.

There hasnot beenenoughtime to conduct a proper investigation of the
e®ectsof changing the number of test points. Howewer, one would expect
that by increasingthe number of test points, we more closely approximate
the theoretical formulation of the algorithm - which is known to corverge.
This suggestgshat convergenceto the line L will be faster, sincelessboxes
will be left out and needto be introducedin subsequeniterations.

Figure 20 shaws the lines represeting the convergenceof the dimension
with increasingiterations. Meshesconsistingof 8, 27 64 and 125test points
per cube were usedand the results from theseare plotted in Figure 20. The
plots represeting 27 and 64 test points are very close. The plots di®erin
length becausean increasean the number of test points dramatically increases
the time the program takesto run.
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Figure 18: Fractal dimension data from the program, logN (X;") vs log".
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Figure 19: Extrap olation of the dimension of A.
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Figure 20: Projections shawing the e®ectof test points on the approximation,
logN (X;") vs i log". Starting with the longest plot, the number of test points
are 8, 27, 64 and 125.

In this project 27 test points were chosenas this seemsto provide a
reasonableradeo®betweencomputational time and corvergencetime.

5 Other Dynamical Systems

To nish the project we demonstratethe visualisation capabilities of the pro-
gramsby applying them to two other dynamical systems. The treatment of
thesesystemsis not thorough, but intendedto demonstrateprogram poten-
tial and highlight someof the issuesrelated to the program parameters. In
ead casewe provide a selectionof imagesand animationsare available at the
project website. A summary of the imagesobtained for the Lorenz equations
is shown in Figure 23. In ead gure of this sectionthe blue point orbits are
drawn in Matlab.

5.1 The RAssler Equations

The Résslerequationsare given by

dx

a - iYi z
Yo vy
z—f = b+ z(xj ©);
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and we use parametersa = 0:2, b= 0:2 and ¢ = 5:7. Réssler'sequations
were deweloped as a caricature of oscillationsin chemical reactions.

It wasvery dixcult to obtain atime stepand number of test points giving
a good appraximation. Again, this is due to di®eren rates of corvergence
in the phasespace. There is an unstable xed near the origin and the time
step requiredto avoid a hole hereis in generaltoo small to get a reasonable
level of corvergenceelsewhere.As mertioned in Section2.2 a variable time
step may provide the solution. A partial solution was found at the cost
of computation time. One can set the time step large enoughto get fast
convergencetowards the global attractor and then set the number of test
points per cube extremely high to avoid holesnear the unstable point. In
this case400test points per box wereusedto obtain an appraximation with
a minimal number of \stray" points and very few holesnear the origin. See
Figure 21 for the images.

5.2 Chua's Circuit

A simpli ed version of the system of equationsknown as Chua's circuit is
given by

dx 1
ot ®Y | MoX §m1x3)

dy
dt
2 _
a = | ya

where®= 18, = 33,mp = j 0;2andm; = 0:01. The variablesx andy are
related to the potential acrosstwo capacitorsand z is related to the current
through an inductor. Further details can be found in Matsumoto, Chua et
al. (1985).

Again there were the sameproblemswith choosingtime step. This time
however we solve the problem by specifying a \sub-domain”. As beforethe
problem arisesfrom the vector eld and partly from my programming deci-
sion to usea cube domain. A cube domain greatly increaseshe simplicity
and speed of the program, but also meansan unnecessaryamourt of the
phase spacemay be included. This may make it impossibleto choose a
time step which is small enoughfor inclusion of unstable points but is large
enoughto avoid the presenceof stray points. Sud stray points were seenin
the Résslerapproximation. The domain usedin the program for Chua's cir-
cuit was[j 19 19]E [j 19 19]£ [; 19 19], and this is maintained by a method

Xiy+z

35



called domainCheckin the Point class. This method is responsible for dis-
carding points which map outside the domain after oneiteration of the dis-
cretesemi-°owv. We specify the sub-domainby simply changingthe allowable
points in this domainCheckmethod. Hencewe keepall the bene ts of using
a cube domain whilst gaining more accurate approximations. Motivated by
orbit plots in Matlab the sub-domain[j 12 12]£ [j 2.5;2:5]£ [j 19 19]was
chosen. SeeFigure 22 for the images.

Unfortunately we have not solved the problem, there are still two small
holeswhich canmoreclearly seenin the animation. We have however reduced
the scaleof the problem, which was qualitativ ely much worsethan in the case
of the Résslerequations.
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Figure 21: Summary of imagesobtained for the Résslerequations.
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Figure 22: Summary of imagesobtained for Chua's curcuit.
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Figure 23: Summary of imagesobtained for the Lorenz equations.
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6 Conclusion

We have seenthe dewelopmert of a new estimate for the fractal dimension
of the Lorenz global attractor. The is achieved via the algorithm of Dellnitz
& Hohmann (1997), which provides a global appraximation technique for
global attractors. This approad is more direct and doesnot su®erfrom the
sametypesof corvergenceproblemsas Takens(1980) approad.

It is desirableto increasethe robustnessof the approximation to global
attractors and thus the calculation of their fractal dimension. We have seen
in sections2.2 and 5 that one cannot always choosea time step appropriate
to the whole domain. This arisesfrom the introduction of a nite setof test
points, the image of which represen the mapping of an entire region of the
phasespace. Dellnitz & Hohmann only brie°y discussthe implemertation
of their algorithm on computer, in particular there is no discussionof the
choice of time step. Hencel proposethe addition of a variable time stepto
the algorithm implemertation. i.e. Denoting the phasespaceby H, introduce
afunction ®© : H! R which is related to the modulus of the vector eld at
a given point, then for p2 H apply the °ow as S(° (p))p.

Theseissuesaside the parametersused have been carefully chosenand
indications are that the estimate of the fractal dimension for the Lorenz
global attractor is meaningful.

A summary of the code for the programs written, together with com-
merts, is included in the separatecode booklet. Note that the program is
not restricted to appraoximations of the Lorenz Global attractor. By changing
the programsin ways descriked in Section5 and the code booklet we can
compute relative global attractors for many dynamical systems. Howevwer,
this will almost certainly involve a new set of program parameters.

The programs, imagesand animations produced can be obtained from
the project website

http://www.maths.w arwick.ac.uk/» tearne/

Here there are also approximations of the Lorenz global attractor cal-
culated using smaller time steps. These additional imagesare not good
approximations of the ertire global attractor, howewer it is beliewved that the
smallertime step usedyields faster corvergenceaway from the origin. Hence,
theseimagescan provide valuable insight into the shape of the attractor at
di®eren places. In particular, at the points wherethe °ow folds badk onto
itself.

5Herewe meanglobal in the senseof the domain considered.i.e. a global approximation
of the relative global attractor.
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8 App endix

This sectionoutlines the structure of the programsimplemerting the algo-
rithm and someof the problemswhich have occurred.

From this point when we refer to a speci c iteration this meansthat the
program has computed up to this iteration in the algorithm of section 2.1.
Howewer, whenwe referto a speci c level we meanthe collection of nodesat
that level, we shall seethe needfor this terminology shortly.

The main challengebehind writing the program hasbeenthe data struc-
ture, which hastakenthree very di®eren formsover the courseof this project.
First we descrike someof the more basic aspects of the algorithm.

8.1 Algorithm Implemen tation and Visulisation

Test points are distributed just inside ead cube in sud a way asto createa
3-dimensionalmeshacrossthe domain. A fourth order RungeKutta routine
maps ead of thesetest points forward and then sub boxes are computed
which contain these image points. The boxes are stored in memory and
iterated through during the next iteration to produce new test points.
There are two versionsof the program, eat optimised for di®eren tasks.
GlobalAttractorV s the visulisation program. It hasthe capability to pro-
ducetwo typesof output le, out.3DV and*.stl . AttractorPresenter and
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AttractorPresenter2D then readthe out.3DV Te and plot a 3-dimensional
manipulable image or a 2-dimensionalprojection respectively. Becausethe
number of boxesis too greatto be renderedon screenin real time theseboth
plot points represeting the certers of boxes. The *.stl Te is compatible
with many 3D animation padage$, and this is how the 3-dimensionalim-
agescortaining cubes and animations were produced. GlobalAttractorN
has had its Java3D dependencestripped out soit can be run on most com-
puters with minimal additional installation. It prints box courting data to
the terminal.

8.2 Data Structures

The rst versionsof the GlobalAttractor  programsstoredboxesin aboolean
array. This was achieved by erumerating eat potential box in the domain
and inserting a true value in the array at the required index when a box
existed. This method hasthe advantage of a very quick accesdime for the
box data, becausethe precisememory location represeting a given box is
known. Howeer, sincethis method requiresan array which can hold every
potential box in the domain it is very wasteful for memory In practice it
required around two gigabytes of memory for 10 iterations - including Java
overhead. It was not practical to usevirtual memory becauseof the very
slowv accesdime.

Next, a box was stored asits correspnding integer in an integer array.
Becauseof the \random" order in which boxesare found by the algorithm,
the array possessedo structure and had to be systematicallyseardiedto see
if a box existed beforeit was added, to avoid duplication. This meart that
the memoryproblemwasshifted to a computational speedproblem. The pro-
gram spert approximately 3 days on the 10" iteration and was acciderally
terminated beforeit was completed!

Finally an oct-tree data structure was tried, a tree in which ead node
can have up to eight children. The code of this data structure wasbuilt from
scratch sothat it could be optimised for the task. With this data structure
11 iterations were achieved within 4 hours. A box at the n™" level is stored
by nding a \path" of boxesdecreasingin size. This is demonstratedas a
2-dimensionalanaloguein gure 24.

The computational e®ortin maintaining the tree is signi cantly higher
than the boolean array but lessthan the integer array. Unfortunately the
memory exciency improvemert (up to iteration 11) seemsnegligible com-
paredto the integer array structure. This is in part due to the large over-

In this project 3D Studio MAX was usedto import the .stl  Te for rendering.
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Box numbering scheme
12 ] 5
3 4
First level Secondlevel Third level
Path; 1 Path; 1,4 Path; 1,4,2

Figure 24: Box identi cation and storagein a quad-tree

headwhich java requiresto maintain the tree. Howewer, there are a number
of bene ts. We can directly probe the tree to seeif a node exists and the
number of nodes stored at ead iteration increasesby a factor of around
4:3Y, 2% (where 2.1is approximately the dimensionof A) insteadof 8 = 23,
Finally, if a box at a low iteration is not introduced(as a result of numerical
appraximations to the algorithm), then if in the future a box is mapped into
a child of this box, it will be introduced. This makesthe estimateof N (A;")
much more accurate. For example, after the third iteration there are 269
cubesat the third level but after completion of the tenth iteration there are
293 at level three.
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