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Abstract

We prove the existenceof point and global attractors for the Lorenz
equations and implement an algorithm which allows us to compute
approximations to the global attractor. The e®ectof numerical errors
arising from the solution technique are considered. Finally, we use
the approximation algorithm to derive a new estimate for the fractal
dimension of the Lorenz global attractor.

This project is included with a code booklet and a com-

pact disc which contains a copy of the project website
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1 A ttractors, Existence and Prop erties

1.1 In tro duction

The Lorenz equations,

dx
dt

= ¡ ¾x + ¾y

dy
dt

= rx ¡ y ¡ xz

dz
dt

= xy ¡ ¯ z

¾; ¯ ; r > 0

were derived by Edward N Lorenz around 1961, whilst investigating the
phenomenonof convective °ow in a medium where there is a di®erencein
temperature betweenbottom and top horizontal planes.
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Figure 1: Convective °ow betweenwarm and cool planes.

When the temperature di®erencerisesabove a certain level then linear
variation of temperature is replacedby a convective °ow from hot to cold. A
further increasein temperature di®erenceresults in a complicatedturbulent
motion. In fact, the Lorenzequationsarenot a precisemodelof this situation,
but a 3-mode Galerkin truncation of a larger system of partial di®erential
equations. Adding more modesstops the systemfrom being chaotic (Curry
1978),but one would expect that adding further modeswould result in the
systembecomingchaotic again - sincethis is the behaviour we expect from
the real life situation.

Herex is related to the velocity of the turbulent motion whereasy and z
can be thought of as temperature in the two dimensionalplane heatedfrom
below. As a result of the truncation much of the \in teresting" behaviour
disappears,but the Lorenzequationshavebecomea standardsimpleexample
in dynamical systems. The classicalparameter values¾= 10, ¯ = 8=3 and
r = 28 (as usedin Lorenz' 1963paper) will be usedthroughout this project.
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1.2 Basic Theory

The solution to the Lorenz equations de¯nes a dynamical system on R3,
sincefor every point p 2 R3 there exists a unique solution which is de¯ned
for all forwards time. The dynamical systemconsistsof the phasespaceR3,
together with a semi-°ow S(t), (R3; S(t)). The °ow acts on a point u0 in the
phasespaceto give the solution S(t)u0 of the equation at time t with initial
condition u0. S(t) is continuous in both t and u0, and can be de¯ned to act
on a set X ½ R3 by

S(t)X =
[

u02 X

S(t)u0:

Here we will considera generaldynamical systemon H = Rn and then
apply the theory with n = 3 to the Lorenz equations. In generalit is only
sensibleto consider the semi-°ow S(t) for t ¸ 0, however there are times
when we can considerbackwards time.

De¯nition 1 De¯ne a completeorbit to be a solution of the equations de-
scribing the systemthat is valid for all t 2 R.

The Lorenz equationsexhibit sensitive dependenceon initial conditions.
This meansthat no matter how small a perturbation is madeto u0 the change
in solution over long time intervals can never be madearbitrarily small. So
we can start two solutions arbitrary close,but eventually they will not be
close1. Figure 2 demonstratesthis for a plot of x vs t, the left graph with
the initial value 1, and the right with 1:001.
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Figure 2: Sensitive dependenceon initial conditions.

The two solutionsappear the sameuntil t = 23, after which they seemto
have no relation to each other at all. It is this property that attracted Lorenz

1We do however have continuousdependenceon initial conditions, but only on bounded
time intervals.
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Figure 3: The dist(¢; ¢) function. The dark line indicates the distance between
setswhen it is non zero.

to study these equationsand concludethat long term weather predictions
wereprobably not possible(Lorenz 1963).

In the generalsetting a dynamicalsystemtells ushow the solutionsevolve
with respect to time. In a complicatedsystem,such asonewhich hassensitive
dependenceon initial conditions or evolves in an in¯nite-dimensional phase
space,a signi¯cant reduction in complexity can be madeby studying certain
subsetsof the phasespace.The subsetswhich we shall study are related to
the eventual behaviour of the system,thesesetswill \attract" solutionswith
time. Hencewe needsomeway to measurehow far apart any two setsare.

De¯nition 2 De¯ne the semi-distance between two setsX and Y as,

dist(X ; Y) = sup
x2 X

inf
y2 Y

kx ¡ yk:

Notice that if X ½ Y then dist(X ; Y) = 0, but this neednot be the caseif
Y ½ X , see¯gure 3. Hencedist cannot be a metric as the distanceshould
be 0 if and only if the setsare identical. To obtain a metric we must usethe
Hausdor®distance,given by

distH(X ; Y) = maxf dist(X ; Y); dist(Y; X )g:

This metric will be useful later when we come to consider how closesets
\really" are, but for now the semi-distancewill be the main de¯nition.

De¯nition 3 A set A attracts a set B under S(t) if

dist(S(t)B ; A) ! 0 as t ! 1 :

We de¯ne a set to be a B-attractor if it attracts every bounded set.

Now we can begin to consideroneof the simplestkinds of attracting set,
onewhich will attract the tra jectory of any point in forward time.
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De¯nition 4 The point attractor P is the minimal compact invariant set
that attracts every point of the phasespace.

The point attractor is an important tool for understandingthe long term be-
haviour of any given point in the system,asit tells us whereevery tra jectory
will eventually go. In the caseof the Lorenz equationswith r > 1 there are
three ¯xed points, oneat the origin and two more at

x§ =
³

§
p

¯ (r ¡ 1); §
p

¯ (r ¡ 1); r ¡ 1
´

= (§ 6
p

2; § 6
p

2; 27):

In order to getan ideaof the shapeof P onecanpick a selectionof points, and
apply the °ow to them starting at somelargetime and running to in¯nit y. Of
course,the chanceof choosing one of the ¯xed points has probability zero.
Hence we may only be approximating the shape of one of the connected
components of P. Figure 4 shows a Mathematica plot of the tra jectory
followed by a point starting at (10; 10; 10) for time t = 0 to 30 together with
the location of the ¯xed points.
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Figure 4: The evolution of the point (10; 10; 10) for time t = 0 to 30 and the
position of the ¯xed points.

An applet by Patric Worfolk at,

http://www.geom.umn.edu/ » worfolk/apps/Lorenz/
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helps us understand the dynamics of P further by quickly computing the
forward orbit of any point that is clickedon. By clicking on a variety of points
it is easyto get an intuitiv e idea of what the largest connectedcomponent
of P looks like.

The proof behind why a singleorbit can approximate the largest compo-
nent of P is beyond the scopeof this project, but in brief would involvede¯n-
ing a suitable shift spaceon the point attractor. Then, randomly choosinga
point in the phasespacehas probability 1 of having irrational coordinates,
hencerepeatedapplication of the shift map yields density of the orbit in P.
Then the computer approximates theseorbits.

In order to ¯nd a recipe for constructing the point attractor we need
somemorede¯nitions, the ¯rst of which is that of a dissipative system. This
meansthat any boundedset X will be attracted to a compact2 set B . Our
point attractor will be a subsetof this set B .

De¯nition 5 A semi-°ow S(t) is dissipative if there exists a compact B-
attracting set B ½ H .

At this point we have madea decisionto follow a similar analytical route
to that of Crauel (2001)and Babin & Vishik (1992). Another popular de¯ni-
tion of a dissipative systemrequiresthe existenceof a compact \absorbing"
set, i.e. a set which every point will eventually enter after a ¯nite time.
However, our weaker de¯nition will result in a stronger existencetheorem
later.

The next de¯nition captureseverything which is recurrent about the dy-
namicsof any particular set.

De¯nition 6 The ! -limit set of X ½ H is

! (X ) = f y j 9 tn ! 1 ; xn 2 X with S(tn )xn ! yg:

Which is also equivalent to,

! (X ) =
\

t ¸ 0

[

s¸ t

S(s)X : (1)

For example,the ! -limit set of a point which is tending to an equilibrium is
that equilibrium alone. And the ! -limit set of a point on a periodic orbit is
the entire orbit.

The following lemma will be useful (cf. Crauel 2001).

2The de¯nition involves compactnesssince in an in¯nite dimensional space,bounded
setsneednot be compact. However, we are not concernedwith such spaceshere.

6



Lemma 1 Suppose we have a decreasing family of compact sets f L ngn2 N,
a sequence ±n ! 0, and f xngn2 N, such that dist(xn ; Ln ) · ±n . Then there
existsa subsequence xn j converging to somex 2

T
n2 N Ln .

We now prove someuseful facts about ! -limit sets.

Lemma 2 In a dissipative system, if X ½ H is bounded, then ! (X ) is
nonemptyand compact.

Pro of Fix " > 0, since the system is dissipative there exists somet0 such
that dist (S(t)X ; B) < " for all t ¸ t0, i.e.

dist
³ [

t ¸ t0

S(t)X ; B
´

< ":

Taking the intersectionover t0 ¸ 0 of
S

t ¸ t0
S(t)X and usingequation(1) we

see! (X ) is bounded. Clearly ! (X ) is closedsince it is the intersection of
closedsets. Finally by setting L n = B for all n in Lemma 1 we see! (X ) is
nonempty.

¥

Lemma 3 In a dissipative system,if X ½ H then ! (X ) is invariant under
the semi-°ow. i.e. S(t)! (X ) = ! (X ) for all t ¸ 0.

Pro of Considerx 2 ! (X ), then x = limk!1 S(tk)xk for somexk 2 X and
tk ! 1 . Hence

S(t)x = S(t)
¡

lim
k!1

S(tk)xk
¢

= lim
k!1

S(t + tk)xk ;

wherethe ¯nal equality usesthe fact that the semi-°ow of a dynamicalsystem
is continuousin both time and initial condition. It followsthat S(t)x 2 ! (X ),
which implies S(t)! (X ) ½ ! (X ).

To show the reverse inclusion choose x 2 ! (X ), again we have x =
limk!1 S(tk)xk . For all t there exists n such that k > n implies tk > t, so
S(tk ¡ t)xk 2 S(tk ¡ t)X is attracted to B with k. i.e.

dist(S(tk ¡ t)xk ; B ) ! 0 as k ! 1 :

Taking L n = B for all n in Lemma 1 we obtain a subsequence

S(tk j ¡ t)xk j ! ~x for some ~x 2 B:

7



therefore ~x 2 ! (X ). Finally,

x = lim
k j !1

S(t)S(tk j ¡ t)xk j

= S(t) lim
k j !1

S(tk j ¡ t)xk j

= S(t)~x;

which implies ! (X ) ½ S(t)! (X ). ¥

Lemma 4 In a dissipative system, for any bounded set Y ½ H , ! (Y) at-
tracts Y.

Pro of Supposethat Y is not attracted to ! (Y). Then there exist sequences
yn 2 Y and tn ! 1 such that

dist(S(tn )yn ; ! (Y)) ¸ ± for all n:

But S(tn )yn is attracted to B. Using Lemma 1 once again we obtain
a convergent subsequence,with limit y say. We have dist(y; ! (Y)) ¸ ±, a
contradiction sincey should be contained in ! (Y). ¥

1.3 Constructing the Poin t A ttractor

We will show that the setP =
S

x2 B ! (x) is in fact the point attractor. Since
every point x 2 H is attracted to B, we have that no point of ! (x) can lie
outside B. Compactnessof B implies our candidate is compact. Minimalit y
is clear, for if a subsetF ½ P attracts every point of H , then no point of H nF
can be an ! -limit point, a contradiction if F is a proper subset. Invariance
is also clear from the fact that ! (x) is invariant under the °ow. We have
shown the following.

Theorem 1 Given a dissipative dynamical system, there exists a point at-
tractor

P =
[

x2 B

! (x);

where B is any compact B-attracting set.
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1.4 Constructing the Global A ttractor

De¯nition 7 The global attractor A is compact, invariant and the minimal
set attracting all bounded setsX ½ H .

S(t)A = A for all t ¸ 0 and dist(S(t)X ; A ) ! 0:

We will comeback to this de¯nition in a moment, for now consider¯gure 5,
showing two phaseportraits where the right is a small perturbation of the
left (Hale 1988).

PSfrag replacements
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Figure 5: Phase portrait showing intro duction of periodic orbit ¡ to P after a
small perturbation (Hale 1988).

We seethat a small perturbation of the systemleadsto the introduction
of the periodic orbit ¡ to P. This \explosion" occurs becauseP does not
take into account the homoclinic orbits (the completeorbits which connect
together the di®erent ! -limit sets). We would prefer to considera set which
is better behaved under small perturbations of the system, so considerthe
set ! (B ).

First we notice that in general ! (B ) 6=
S

x2 B ! (x) = P. For example,
considerthe following ODE and its phaseportrait in ¯gure 6

_x = x ¡ x3:

0 1

PSfrag replacements
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Figure 6: Phasediagram for the ODE _x = x ¡ x3:

It is clear from the phaseportrait that the point attractor consistsof the
set f¡ 1; 0; 1g, and B = [¡ 1; 1] is a B-attractor. Also, the semi-°ow mapsthe
interval [¡ 1; 1] into itself, thereforeS(t)B = B for all t ¸ 0. Using equation
(1) we have ! (B) = [¡ 1; 1].
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Figure 7: A more stable set ! (B ) under perturbation.

To return to our example from Hale. Consider now the sets ! (B ), see
¯gure 7. Notice now that the set does not explode under the samesmall
perturbation, it changesonly a little - in terms of the distancefunction. It
can however shrink drastically, but analytically this is lessof a problem than
an explosion.

Giventhe aboveexamplesit seemsreasonableto expect that the set ! (B )
contains the unstablemanifoldsof each point in B , indeedweshall prove this
later.

Theorem 2 Given a dissipative dynamical systemthere exists a global at-
tractor A = ! (B), where B is a compact B-attracting set (cf. Crauel 2001).

Pro of of Theorem Compactnessand invariancefollow from Lemmas2 and
3 respectively.

Supposethere exists someboundedset U such that

dist(S(t)U; ! (B )) ¸ ± 8 t > 0:

By Lemma4 We know that ! (B ) attracts B and that ! (U) ½ B, hencethere
exists someT > 0 such that

dist(S(T)! (U); ! (B )) < ±:

By invarianceof ! (U) we have

dist(! (U); ! (B )) < ±;

a contradiction. Thereforeevery boundedset is attracted to ! (B).
Finally, we have ! (B) is the minimal such set since it is invariant and

attracts all boundedsets,i.e. attracts itself. ¥
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1.5 Existence of Poin t and Global A ttractors for the
Lorenz Equations

It is enoughto show that a large enoughspherecentered on p = (0; 0; r + ¾)
is attracting (seeRobinson2001or Sparrow 1982for example). Let B(x; r )
denotea ball of radius r and center x.

Consider
V(x) = x2 + y2 + (z ¡ r ¡ ¾)2:

Then

dV
dt

(x(t)) =
dV
dx

dx
dt

+
dV
dy

dy
dt

+
dV
dz

dz
dt

= ¡ 2¾x2 ¡ 2y2 ¡ 2¯ z2 + 2¯ (r + ¾)z

= ¡ 2¾x2 ¡ 2y2 ¡ ¯ (z ¡ r ¡ ¾)2 ¡ ¯ z2 + ¯ (r + ¾)2

· ¡ ®V + ¯ (r + ¾)2;

where® = min(2¾; 2; ¯ ). This givesthe solution

V(x(t)) ·
¯ (r + ¾)2

®
+ C(x)e¡ ®t:

Let K = 2¯ (r + ¾)2

® , then lim t !1 V(x(t)) · K .
We have shown that the squareof the distancebetweenany point x and

p evolvesasV(x(t)) and is eventually lessthan K . Let X ½ R3 be bounded.
By choosing somer su±ciently large we can arrange that X ½ B(p;

p
r ),

which shows that X is absorbed to B(p;
p

K ).
Hencewe have shown B(p;

p
K ) is a B attractor (in fact it absorbsall

boundedsets), i.e. the systemis dissipative. Applying Theorems1 and 2 we
have the existenceof point and global attractors respectively.

In fact, in Rn it is easilyshown that if a setD absorbsevery point in ¯nite
time then it alsoabsorbsall boundedsetsin ¯nite time (Robinson2001).

1.6 Structure of the Global A ttractor

In the next section we will consideran algorithm that computesapproxi-
mations to the global attractors. To complete this section we considertwo
analytical resultson the structure of the global attractor, which help provide
insight into why the algorithm works.

Theorem 3 All completebounded orbits O lie in A .
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Pro of Supposethat O is not contained in A , then for some" > 0 there
exists somex 2 O such that x =2 N (A ; "). However, since A attracts all
boundedsets,for t large enough

dist(S(t)z; A ) < " for all z 2 O:

Since O is a complete orbit, x = S(t)~x for some ~x 2 O, which gives a
contradiction. ¥

De¯nition 8 De¯ne the unstablemanifold of a set X as

W u(X ) = f u0 2 H jS(t)u0 de¯ned 8 t; dist(S(¡ t)u0; X ) ! 0 as t ! 1g :

Theorem 4 If X is a compact invariant set, then

W u(X ) ½ A:

Pro of Let u 2 W u(X ). Then by de¯nition u lies on the complete orbit
Y = [ t2 RS(t)u. As t ! ¡1 we know that dist(u(t); X ) ! 0, and as t ! 1
we know that dist(S(t)u; A ) ! 0, so the orbit S(t)u is bounded. Thus u lies
on a completeboundedorbit, and by the previoustheorem,u 2 A. ¥

In particular, if X consistsof all the unstable¯xed points and periodic orbits
in B , then the unstablemanifolds of theseare in the global attractor.

Let us determine the stabilit y of ¯xed points for the Lorenz equations.
The linearisedsystemat x is given by

0

@
¡ ¾ ¾ 0

(r ¡ z) ¡ 1 ¡ x
y x ¡ ¯

1

A :

The Lorenz equationsare symmetric in the form (x; y; z) Ã ! (¡ x; ¡ y; z),
which meansthat x§ have the sameeigenvalues. Using Matlab we calculate
theseas¡ 13:9 and 0:094§ 10:195i , meaningthesepoints areslowly repelling
spirals. This shows that the unstablemanifoldsof x§ are 2-dimensional.By
Theorem4 we seethat the dimensionof A must be greater than or equal to
2. We shall investigatethis further in Section4

12



2 Dra wing the A ttractor

2.1 The Algorithm

We now consider the algorithm of Dellnitz & Hohmann (1997) which ap-
proximates global attractors. Since we are consideringdissipative systems
the forward orbit of any point will eventually be bounded. To determine if
points are in the attractor we will considerpre-imagesof points. This will
essentially rely upon Theorem 3, sinceif an orbit \blo ws up" in backwards
time then it cannot be in A . The algorithm will also take advantage of the
forward invarianceof A . In this subsectionwe describe the algorithm in its
full generality, leaving its application to the Lorenzequationsto Section2.2.

The dynamical systemsconsideredsofar haveall beencontinuousin both
time and space.Now we needto considerthe dynamical systemas discrete
in time. This is doneby specifying a time step¢ t and setting x j = S(j ¢ t)x0

for all j 2 N. Herex0 is the initial condition and its orbit forward in time is
traced by the points x j as j increases.This can be written in a generalform
for discretesystemsby setting f (x j ) = S(j ¢ t)x0. Then

x j +1 = f (x j ) j 2 N:

As with many algorithms, the implementation on a computer will force
the endresult to beonly an approximation of the algorithm. The ¯rst of these
approximations has been hinted at above, orbits of the discrete dynamical
system will be calculated by a numerical method. We shall seeanother
approximation later wherewemap only a ¯nite number of points to represent
the mapping of an entire subsetof R3. In general,onecannot tie the global
attractor down to someboundedset in the phasespace.Sincethe computer
canonly beappliedto such set, it calculatesan object known asthe \relativ e"
global attractor.

De¯nition 9 Let D ½ R3 be a compact set. We de¯ne the relative global
attractor as

A D =
\

j ¸ 0

f j (D):

Notice that A D is indeed a subsetof the global attractor. There are a
number of important observations about this de¯nition.

Firstly, we have that A D ½ D and that 3 f ¡ 1(A D ) ½ A D , which follows
from the fact that taking the primageof A D will add another intersectionto

3Strictly speaking we do not know that we can always take a preimage in the Lorenz
system,becausewe have not discounted \¯nite time blowup". However, we shall seethat
these concernsdisappear when we come to the actual implementation. For now simply
assumethat we can always take a single pre image.
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the de¯nition. However, we do not know that f (A D ) ½ A D . Compactness
of A D follows from that of D sincef inherits continuity from S(t).

Secondly, in general it is not true that A D = A \ D. Supposethat we
have two hyperbolic ¯xed points p and q, with the unstable manifold of p
connectedto q (a homoclinic orbit). Taking Q as in the following diagram
we seethat A D will not contain the part of the homoclinic orbit intersecting
D. But as we have shown in the previoussection,thesesetsare included in
A , see¯gure 8.

PSfrag replacements
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Figure 8: Homoclinic orbits prevent A D = A \ D .

Fortunately in this case,we have already shown that the Lorenz equa-
tions possesan absorbingset. Taking D larger than a neighborhood of this
set we can be sure that the relative global attractor is equal to the global
attractor. To keep the theory generalwe continue to consider the relative
global attractor.

Considera box D ½ R3, the domain in which we search for the relative
global attractor. We will construct successive collections of boxes B k that
contain A , and usethe notation

Qk =
[

b2 B k

b for k = 1; 2; ::: and set Q0 = D:

The algorithm of Dellnitz & Hohmann (1997) is given by the following.
1) Construct a collection of boxesB̂k such that

[

b2 B̂ k

b=
[

b2 B k ¡ 1

b and diam(B̂k) < diam(Bk¡ 1);

wherediam(Bk) = maxb2 B k diam(b):
2) set

Bk = f b2 B̂k j f ¡ 1(b) \ Qk¡ 1 6= ;g :

The secondstepconstructsBk by removing thoseb̂2 B̂k which arenot hit
by a pre-imageof somepoint in Qk¡ 1. This is the step which is responsible
for the fact that the current collection of boxes Bk will always cover the
relative global attractor.

14



Lemma 5 The setsQk obtained by the algorithm alwayscontain the relative
global attractor, i.e.

A D ½ Qk for all k 2 N:

Pro of Supposethere existssomex 2 A D which is not contained in Qk¡ 1 for
somek > 0. This meansthat there is somebox b̂ 2 B̂k containing x which
is removed in the selectionstep.

f ¡ 1(b) \ Qk¡ 1 = Á

This meansthat f ¡ 1(x) =2 Qk¡ 1. A contradiction to the fact that f ¡ 1(A D ) ½
A D ½ Qk¡ 1 ¥

The proof that distH(Qk ; A ) ! 0 as k ! 1 can be found in Dellnitz
& Hohmann (1997). But roughly, every subset of D which is backwards
invariant must be contained in A . The limit of the Qk can be shown as
backwards invariant and combined with the lemmathis makesclearwhy the
Qk will approximate the relative global attractor.

Notice that we have convergencein the the Hausdor®distance,assuring
that the Qk are \really" converging to A . This is important, becauseas we
shall seelater there are other approximation issuesto worry about.

Figure 9 the convergenceof Bk for k = 1; : : : ; 6 (left to right, top to
bottom) for the Lorenz equations.

2.2 Application to the Lorenz Equations

We now considerthe implementation of the algorithm on a computer for the
Lorenzequations.The algorithm in the paper chopseach box into two boxes,
varying the cutting plane through all the basisdirections. However, I have
chosento usecubesand cut each into eight smaller cubesat each iteration
step. This will make the program simpler and faster to run. The part of
the algorithm which is not easily implemented on computer is the selection
step sincewe cannot calculate the pre-imageof every point in a cube, as in
f ¡ 1(b) \ Qk . We changethis condition to, for every b 2 B̂k choosea ¯nite
set of test points tb = f pi 2 ji = 1; 2; :::; nbg and set,

Bk = f b2 B̂k j 9 b̂ 2 B̂k and x 2 tb such that f (x) 2 bg:

Sob2 B̂k is kept if there existsa test point somewherein the test points
of B̂k , the image of which is in b. However it can still be the casethat

15



Figure 9: Convergenceof the collections B k for k = 1; : : : ; 6.

f ¡ 1(b) \ Qk 6= Á, but no test point maps into b. To deal with this we allow
a box ¹b to be reintroducedinto a collection if the imageof a test point is in
the domain but not in Bk . Moreover, supposethat we are in the selection
step of the algorithm, with the collection B̂k . To determinewhich boxeswe
keepeach test point is mapped forward and boxeswhich aremapped into are
kept. If a test point is mapped into D but there is no b̂ to contain it, then
we simply introducethis box to the collectionBk , ¯gure 10. This stepmeans

Domain DPSfrag replacements

Domain D

Box Collection 2

This box will be introduced

Test points

Figure 10: Boxes are intro duced when a test point maps into them.

that as k ! 1 , all boxeswill be introducedor retained which contain part
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of the global attractor. This assumesthat the time step is chosensu±ciently
small, otherwisewe could have somebox containing an unstable point with
its test points lying on the unstablemanifold. After onetime step thesetest
points move far away from the unstablepoint leaving a hole, see¯gure 11.

PSfrag replacements

No test points map inside

Figure 11: Too large a time step can lead to holesat unstable points

On the other hand, choosingtoo small a time step results in much slower
convergence,hencewe must compute more iterations to get a good idea of
the shape of A .

Figure 12 shows someprojectionsof the data producedby the algorithm.
The top three imagesare projections down onto the xy, xz and yz planes
(from top to bottom). Figure 13 shows 3-dimensionalviews of the attractor
from various angles. All imagesinclude a short point orbit to help give an
impressionof the \°o w" in the attractor.

It is recommendedthat the reader looks at the 3-dimensionalanimation
of the approximate Lorenz global attractor as this shows the shape of the
approximation and convergenceof the cubes far more clearly. This can be
obtained from the project website. From this point we shall refer to approx-
imations of A as A.

2.3 The Choice of Time Steps

Notice that in ¯gures 12 and 13 the boundary of A doesnot appear smooth.
This is unexpectedbecausethe vector ¯eld (given by the right hand side of
the Lorenz equations)is smooth.

It is suspectedthat this is becausethe vector ¯eld doesnot have the same
\speed" around all of A (Sparrow 1982). It is this vector ¯eld which deter-
mines the °ow, hencethe tra jectory of a point travels at di®erent speedsat
di®erent points in the phasespace.The modulus of the vector ¯eld is great-
est near the origin, thus a relatively small time step is required to enure that
the unstable manifold near the origin is included in the attractor. However,
near the two other ¯xed points the °ow is much slower. So we may have
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Figure 12: Projections of approximations to A .
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Figure 13: 3D views of approximations to A .
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chosena time step which is small enoughto allow the unstable manifold of
the origin to be resolved, but too small to provide the optimum convergence
rate near other parts of A . Figure 14 shows how A changesunder di®erent
choiceof time step4.

Time step = 0.7 Time step = 1.75 Time step = 14

Figure 14: Projections showing the e®ectof time step on A.

Notice that the generalshape of A does not change. This is related to
the semicontinuity of the approximation in the Hausdor®distance that we
will introduce in section3.

The time stepusedfor the resultsof this project (unlessotherwisestated)
has been carefully chosen,by visual inspection where possible,as slightly
smaller than necessaryto allow the origin to be included in the approxima-
tion. The reasonfor this is that in subsequent iterations the sizeof the cubes
decreases.The time step may now be too large for the new resolution, lead-
ing to a small hole developingat the unstablepoint. Looking againat ¯gure
9 we can seea small missingbox at the baseof A at the sixth iteration. This
is a result of a deliberate choice of time step which is slightly too large for
the sixth iteration.

It would be desirable to get the program to use a variable time step,
the value of which is determined by the modulus of the vector ¯eld. This
would result in moreuniform convergenceof A, and we could alsoassurethe
inclusion all unstable points. However the convergenceof the algorithm is
still expectedeven though it may be slower in someparts.

2.4 Higher Order Visualisations

Visualisation of the approximations hasonly beenpossibleup to the seventh
level, eventhough ten iterations haveachievednumerically. This is dueto the
computer not being able to draw the large number of boxes/points beyond

4Of course,the time step we refer to is not computed as a single step, but as a series
of smaller time stepsto increaseaccuracy.
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the seventh level. In the caseof the 3-dimensionalimagesof cubes,boxesare
removed which are not seen. Without this reduction in load 3-dimensional
visualisation of cubeswould only be possibleup to level 6. As well as using
morepowerful computersfurther optimisation of the graphicsroutineswould
allow improvements in resolution, and thus we could be more sure that we
have chosena good time step.

3 Numerical Considerations

In this section we will assumethat the algorithm of Dellnitz & Hohmann
(1997) approximates the global attractor and that the only numerical ap-
proximations are a consequenceof the Runge Kutta routine. This means
that we are not dealingwith f = S(¢ t), but somenumerical approximations
to the semi-°ow which we call S¢ t .

The idea is to show

distH(A ¢ t ; A ) ¡ ! 0 as ¢ t ! 0:

This involvesshowing that dist(A ¢ t ; A ) and dist(A ; A ¢ t ) canbe madesmall,
theseresults are called upper and lower semicontinuity of the sets A ¢ t re-
spectively. Unfortunately lower semicontinuity is not known, and we shall
examinethis later.

If weknewthat each of thesenumericalapproximations possesseda global
attractor of their own, all of which are contained in a boundedset, then we
could easily show the desiredupper semicontinuity result. This is included
for completenessin the following theorem,Robinson(2001).

Theorem 5 Assumethat for some´ 0, ´ < ´ 0 the semi-°ow S´ each posses
a global attractor A ´ , and there existsa bounded set X suchthat

[

0· ´ <´ 0

A ´ ½ X :

If the semi-°ow S´ converge to S0, then

dist(A ´ ; A 0) ! 0 as ´ ! 0:

Pro of SinceX is by de¯nition a boundedset, it is attracted to A 0. Sothere
exists sometime t such that

S(t)X ½ N (A 0; "=2):
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Therefore,for ´ su±ciently small (´ < ´ (") say),

sup
x2 X

j S´ (t)x ¡ S0(t)x j< "=2:

Thus for this ´ , sinceA ´ ½ X

A ´ = S´ A ´ ½ S(t)X ½ N (A 0; " ):

Hencefor ´ < ´ (") we have

dist(A ´ ; A 0) · ":

¥

However, we do not know that even the dissipativity of the system is
preserved by the numerical technique. Hencein this sectionwe considerthe
numerical stabilit y of A , starting from results on the Runge Kutta routine.
We will needa weaker conceptthan global attractor.

De¯nition 10 De¯ne a local attractor to be a setwhichattractssomeneigh-
borhood of itself.

We aim to show that the numerical approximations posseslocal attractors
A ¢ t and that theseare closeto the global attractor A for the actual system.

Resultsin this sectionare from Stuart & Humphries(1998)unlessother-
wisestated .

3.1 Upp er Semicon tin uit y

We begin by quoting the following result which has beenshown to hold for
all RungeKutta methods and for systemsof the form

du
dt

= f (u) u(0) 2 Rn f 2 C(Rn ; Rn ); (2)

in particular for the Lorenz system. In this project a foruth order Runge
Kutta routine has been used which meanswe take r = 4 in the following
theorem.

Theorem 6 C1 Conver gence of Orbits (Stuart & Humphries19986.2.1)
Consider the approximation of the system 2 by an appropriate numerical
method. Let B be a bounded convexset and consider all points u such that
S(t)u 2 B for all t 2 [0; T]. It follows that, for any ± > 0, there exists
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constants K = K (B; ±) and tc = tc(B ; ±) > 0 such that if ¢ t 2 (0; tc) and
tn = n¢ t 2 [0; T], then Sn

¢ tu 2 N (B; ±) and we have the following error
estimate

kSn
¢ tu ¡ S(tn )uk · (eK T ¡ 1)¢ t r : (3)

So for a ¯xed T, letting ¢ t ! 0 yields convergenceof the orbits, but for
¯xed ¢ t letting T ! 1 givesno information. This is expectedin the caseof
the Lorenz equationssincewe know there is sensitive dependenceon initial
conditions and a tiny error will be introducedby the ¯rst application of S¢ t .

Theorem 7 Existenc e of a Positively Invariant Set Let B be any
bounded, positively invariant set and suppose the dynamical system is ap-
proximated by a numerical method satisfying the above assumption. Then
for all " > 0 su±ciently small there exists tc = tc(" ) > 0 such that for all
¢ t 2 (0; tc), there existssomeB¢ t , positively invariant under S¢ t satisfying

N (A ; 2") ½ B ½ B¢ t ½ N (B; "=2):

Pro of Chooseany " > 0 small enoughto ensurethat N (A ; 2") ½ B. Since
A is an attractor there exists somet0 ¸ 0 such that

dist(S(t)B ; A ) < "=2 for all t ¸ t0: (4)

Apply the previous theorem with T = 3t0 and ± = "=2 to obtain some
tc = tc(N (A; "=2)) > 0. Now for any ¢ t 2 (0; tc), any u0 2 B and any n
such that n¢ t 2 [0; 3t0], we have that dist(S(t)B ; A ) < "=2 and the error
estimate (3) holds.

For n0 the smallest integer satisfying n0¢ t ¸ t0 we de¯ne,

B¢ t :=
[

0· n<n 0

Sn
¢ tB; (5)

which satis¯es B ½ B¢ t ½ N (B; "=2).
Let K = K (N (B; "=2)) and reduce¢ tc if necessaryto satisfy,

¢ t4
c ·

"
2(e3K t0 ¡ 1)

:

Now, the error estimate (3) implies that for any u 2 B,

en = kSn
¢ tu ¡ S(n¢ t)uk · "=2 for all n¢ t 2 [0; 3t0] (6)
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We now show that B¢ t is positively invariant under S¢ t . Supposethis
is not the case,i.e. there exists somex 2 B¢ t such that S¢ tx =2 B¢ t . But
from the de¯nition of B¢ t there exists somem between1 and n0 such that
S¢ tx 2 Sm

¢ tB. In fact m = n0 since otherwise S¢ tx 2 Sm
¢ tB ½ B¢ t , from

(5). HenceS¢ tx = Sn0
¢ tu0 for someu0 2 B. Notice that n0¢ t 2 [t0; 3t0],

hencesince en · "=2 for all u0 2 B and n such that n¢ t 2 [0; 3t0] , it
follows that kSn0

¢ tu0 ¡ S(n0¢ t)u0k · "=2. But sinceA is a global attractor
dist(S(n0¢ t)u0; A ) · "=2, it thereforefollows that

S¢ tx = Sn0
¢ tu0 2 N (A; ") ½ B ½ B¢ t ;

a contradiction. ¥

Theorem 8 Existenc e and Upp er Semic ontinuity of A ttr actors A ¢ t

For ¢ t 2 (0; tc) the semi-°ow Sn
¢ t hasan attractor A ¢ t = ! ¢ t (B ) ½ B and

dist(A ¢ t ; A ) ¡ ! 0 as ¢ t ¡ ! 0:

Pro of By the previoustheoremwe have tc > 0 and positively invariant sets
B¢ t corresponding the semi-°ow S¢ t . SinceA is an attractor there exists
somet0 ¸ 0 such that

given " > 0 dist(S(t)B ; A ) < "=2 for all t ¸ t0: (7)

We show that under S¢ t , the set ! ¢ t (B ) is an attractor which attracts B .
To do this we ¯rst show ! ¢ t (B¢ t ) is an attractor attracting B¢ t , and then
that ! ¢ t (B¢ t ) = ! ¢ t (B ).

For all " > 0, u 2 B and n such that n¢ t ¸ t0,

dist(Sn
¢ tu; A) = inf

x2A
kSn

¢ tu ¡ xk

· kSn
¢ tu ¡ S(n¢ t)uk + inf

x2A
kS(n¢ t)u ¡ xk

· kSn
¢ tu ¡ S(n¢ t)uk + dist(S(n¢ t)u; A ):

SinceA attracts B under S(t) it follows from (7) that dist(S(n¢ t)u; A ) <
"=2. Combining this with the error bound (6) it follows that

dist(Sn
¢ tu; A) < " for all n : n¢ t 2 [t0; 3t0]: (8)
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It then follows that for all ¢ t 2 (0; tc)

dist(Sn
¢ tB¢ t ; A ) < " for all n : n¢ t 2 [t0; 2t0]: (9)

To seethis, suppose(9) doesnot hold. There exists v 2 B¢ t such that
dist(Sp

¢ tv; A ) ¸ " for somep such that p¢ t 2 [t0; 2t0]. Now by (5), v = Sm
¢ tu

for someu andm with m¢ t 2 [0; t0]. HenceSp
¢ tv = Sm+ p

¢ t u where(m+ p)¢ t 2
[t0; 3t0]. Thus, by (8) we have that dist(Sp

¢ tv; A ) < ", a contradiction.
Now, we argueby induction to show that for any integer k ¸ 2

dist(Sn
¢ tB¢ t ; A ) < " for all n : n¢ t 2 [t0; kt0]:

We already know this is true for k = 2 from (9). Consider an integer n
such that kt0 · n¢ t · (k + 1)t0. Choose m such that m¢ t 2 [t0; kt0]
and let p = n ¡ m. Then n¢ t = (m + p)¢ t and p¢ t 2 [0; kt0]. Now
Sn

¢ tB¢ t = Sm
¢ tS

p
¢ tB¢ t ½ Sm

¢ tB¢ t and sinceB¢ t is a positively invariant set it
follows that Sn

¢ B¢ t ½ B¢ t . This implies that

Sn
¢ tB¢ t = Sm

¢ tS
p
¢ tB¢ t ½ Sm

¢ tB¢ t :

Thus since m¢ t 2 [t0; kt0] it follows from the inductive hypothesis that
Sm

¢ tB¢ t ½ N (A; "), and hencethat

Sn
¢ tB¢ t ½ N (A; ") forall n : n¢ t ¸ t0:

This completesthe induction step.
Recall the de¯nition ! ¢ t (B¢ ) =

T
m¸ 0

S
n ¸ mSn

¢ tB¢ t. It follows that
[

n¸ n0

Sn
¢ tB¢ t ½ N (A; ");

wheren0 is the smallest integer such that n0¢ t ¸ t0, and hence! ¢ t (B¢ t ) ½
N (A ; "). Thus sinceN (A ; ") ½ N (A ; 2") ½ B¢ t , it follows that ! ¢ t (B¢ t ) ½
B¢ t so that ! ¢ t (B¢ t ) is a compact invariant set which attracts B¢ t and
hencea neighborhood of itself. HenceA = ! ¢ t (B¢ t ) is an attractor for the
semigroupSn

¢ t , and furthermore A ¢ t ½ N (A; "). Since" > 0 is arbitrary the
required convergenceresult follows.

Finally, note that from the de¯nition of B¢ t (5) that for any m ¸ 0,
[

n¸ m

Sn
¢ tB¢ t ´

[

n¸ m

Sn
¢ tB

and hencethat ! ¢ t (B¢ t ) = ! ¢ t (B ). ¥

We have shown the existenceof local attractors which are controllably
larger than A. Notice that by setting ¢ t su±ciently small in Theorem7, the
basin of attraction for A ±t can be madearbitrarily large.
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3.2 Lower Semicon tin uit y

In order to show lower semicontinuity we need to know more about the
structure of A , in this casethat A is the closureof the union of the unstable
manifolds of a ¯nite number of ¯xed points.

De¯nition 11 A ¯xed point x of the system(2) is hyperbolic if none of the
eigenvaluesof df (x) lie on the unit circle.

Assumption 1 Supposethat A has the form

A =
[

x2 E

W u(x);

where E is the ¯nite set of hyperbolic ¯xed points of (2).

Unfortunately there is no known proof of Assumption 1 for the Lorenz
equation. It is possiblethat the recent work of Tucker (1999)can be usedto
develop a proof basedon numerical techniques. Tucker proves numerically
that the Lorenz equationssharemany properties with a simpler geometrical
model introducedby Guckenheimer(1976)& Williams. Whether this allows
us to show the required result on the unstablemanifolds will require further
research.

We include the lower semicontinuity theorem for completeness. For a
proof refer to Stuart & Humphries (1998) 7.7.3.

Theorem 9 Lower Semic ontinuity of A ttr actors Considerthe approx-
imation of system(2) by a numerical method which convergesas in the es-
timate (3). If the global attractor satis¯es Assumption 1 there exists some
tc > 0 suchthat for all ¢ t 2 (0; tc), the semigroup Sn

¢ t hasa global attractor
which satis¯es

dist(A ; A ¢ t ) ¡ ! 0 as ¢ t ¡ ! 0:

4 Dimension of the Lorenz A ttractor

Consider the illustration in ¯gure 15 of the Lorenz global attractor. Notice
how the °ow appearsto fold spaceappearsonto itself, suggestingthat there
may be interesting structure to the crosssectionof the attractor. This intu-
ition turns out to be correct, the crosssection of the attractor looks like a
Cantor set (Sparrow 1982). The cantor set is consideredto have a dimension
strictly between0 and 1, suggestingthat A may havea non-integerdimension
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PSfrag replacements Spacegets folded here

Figure 15: Orbits in A get folded back onto themselves.

too. At the end of Section1.6 we noted that the dimensionof A should be
greater than 2. This was becausethe unstable manifolds of the ¯xed points
x§ had dimension2. Furthermore, onecan easilycalculatethe divergenceof
the vector ¯eld for the Lorenz equationsas

div(f ) = ¡ (¾+ 1 + ¯ ) = ¡ (10+ 1 +
8
3

) < 0:

So small volumescontract with time, hencewe expect A to have dimension
lessthan 3. Sofar this is intuitiv e aswe have not yet de¯ned what we mean
by dimension.

For approximations of dimension, the fractal dimension is the obvious
choiceas we will show it involvesa calculation on the number of cubescov-
ering the attractor. This data is easily extracted from the approximation
program. In this sectionwe will de¯ne the \fractal" dimensionand consider
how to estimate it using the algorithm of Section2.1. Another measurement
of dimension,the Lyapunov dimension,will be introducedwith relevant the-
ory to provide an analytical bound for the fractal dimension. We alsobrie°y
considerexisting numerical estimatesof the fractal dimension.

4.1 The Fractal Dimension

The \fractal" dimensionof X , a subsetof Euclidian space,is basedupon the
number of " balls neededto cover X , denoted N (X ; "). For a surfacethis
number will be proportional to " ¡ 2, for a volume it will be proportional to
" ¡ 3 etc.

De¯nition 12 The fractal dimension of a set X with compact closure is
given by the limit of the following expression, where N (X ; ") denotesthe
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number of closed balls of radius " needed to cover X .

df (X ) = lim sup
" ¡ ! 0

logN (X ; ")
¡ log"

Notice that the set X needsto have compactclosure,otherwisethe number
of covering balls will be in¯nite. In fact, we may replaceballs with cubes,or
any other set which has nonempty interior. This is important becausethe
programs written in this project work with cubes, not balls. To prove the
claim, let M (X ; ") denotethe number of closedcubesof radius5 " neededto
cover X . Clearly

N (X ; ") · M (X ; ") · N (X ; "=3);

and we obtain the inequality

logN (X ; ")
¡ log"

·
logM (X ; ")

¡ log"
·

logN (X ; "=3)
¡ log"

:

Takeing lim sup" ! 0 of this inequality, the right hand sidebecomes,

lim sup
" ¡ ! 0

logN (X ; "=3)
¡ log"

· lim sup
" ¡ ! 0

log("=3)
log"

¢lim sup
" ¡ ! 0

logN (X ; "=3)
¡ log("=3)

= df (X )

hencewe have shown

df (X ) · lim sup
" ¡ ! 0

logM (X ; ")
¡ log"

· df (X );

as required.
The convergenceis slow, and a plot of log N (X ;" )

¡ log " against " does not ex-
trapolate to the value at " = 0. Our calculations of N (X ; ") are also lim-
ited by practical computing time and the number of iterations the computer
program can perform beforerunning out of memory. Thereforewe needan-
other way to approximate the dimension. We expect the constant sizeof A
to be M ¼ N (X ; ")" ¡ d for " su±ciently small and where d is the dimen-
sion of A . To seethis considera unit cube in Rd, and let " = 1=n. Then
N (unit cube; 1=n) = nd, hencethe formula for M returns 1 for all dimensions
d. Taking logs in this formula we have,

logN (X ; ") ¼ ¡ d log(") + logM :

It turns out that a plot of logN (X ; ") vs ¡ log" approximates a straight
line when ¡ log" is large enough, the gradient of which approximates d, the
dimension,see¯gure 16. Denote this straight line by L .

5Where the radius of a cube C is de¯ned as 1
2 diam(C).
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Figure 16: Gradient of approximating line L givesfractal dimension.

It should be emphasisedthat the approach we will use to count boxes
di®ersfrom existing techniques. Here we use a direct geometric approach
to cover the attractor with increasingaccuracy, whereasexisting methods
iterate the orbits of points which are closeto the attractor and then count
boxescontaining theseorbits. The problem with the latter is that for " small
the probability of visiting certain boxesvanishes,and this problem hasto be
overcomeby extrapolation (McGuiness1985).

4.2 Other Measures of Dimension

There are also other well known de¯nitions for the dimension of arbitrary
sets. For example, the Hausdor®dimension (Doering & Gibbon 1995) is
harder to compute explicitly for a given set but is \nicer" theoretically. To
illustrate this suppose B i are a countable number of subsetsof X . The
Hausdor®dimensionof [ i B i is the sameas the supremum of the Hausdor®
dimensionsof every B i . With the fractal dimensionthe sameis true only for
¯nite unions (when de¯ned).

Another de¯nition of dimension is the Lyapunov dimension, which is
given by the Kaplan-Yorke formula. This usesglobal Lyapunov exponents
to calculate a dimension which is completely determined by the dynamics
on the attractor. To determine the global Lyapunov exponents (henceforth
we omit the word global) for the Lorenz equationswe study the evolution of
in¯nitesimal n-dimensionalvolumesfor n · 3. Consideran in¯nitesimal n-
dimensionalball in the phasespace.Under the °ow it will becomestretched
and distorted but sinceit is in¯nitesimal it will still be an ellipsoid. There
are n axesf ®i (t)gn

i=1 of this ellipsoid and the Lyapunov exponents f »i (t)gn
i=1

are the maximum growth rates satisfying ®i (t) ¼ ®i (0)e»i (t ) .
From the divergencecalculation we know that 3-volumesare contracted

and follows that »1 + »2 + »3 should be negative. One can show that the
maximum rate of growth of areasis at the origin, which is a ¯xed point and
thus contained in A .

Linearising the vector ¯eld as in Section1.6, we seethe °ow at the origin
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Figure 17: Balls are distorted by the °ow, and can be re-covered by balls.

has eigenvalues ¡ 8
3 , 11:83: : : and ¡ 22:83: : : . Therefore we calculate that

»1 + »2 ¼ 9:1: : : (the maximum growth rate of areas). Hence2-dimensional
surfacesare stretched which is consistent with our prediction that A should
have dimension greater than 2. The following heuristic argument is based
upon that in Doering & Gibbon (1995). Expressionsare not simpli¯ed to
their fullest so that generalisationto higher dimensionsis clearer.

Supposewe cover A with N (A ; ") 3-dimensionalballs. The volume of
each ball is initially » " 3 and after the semi-°ow operatesfor a time t we get
an ellipsoid of volume » " 3e(»1+ »2+ »3 )t . The union of theseballs still covers
A . By maximality in their de¯nition, the last Lyapunov exponent must be
the most negative. It follows that the smallestaxis of each ellipsoid will be
"e»3 t < ". Now cover each of the ellipsoidsby balls of radius "e»3 t (¯gure 17),
the total number of balls neededto cover A is now,

N (A ; "e»3 t ) =
"3e(»1+ »2+ »3 )tN (A; ")

"3e3»3 t

= e(»1+ »2 ¡ (3¡ 1)»3 )tN (A; "):

Using the de¯nition of fractal dimensionwe obtain,

dc(A ) ¼ lim sup
t !1

log[N (A ; "e»3 t )]
log[1

" e¡ »3 t ]

= (3 ¡ 1) +
»1 + »2

¡ »3
;

which is the Kaplan-York formula (Kaplan & York 1979). We useit to de¯ne
the Lyapunov dimension.

De¯nition 13 For a global attractor A de¯ne the Lyapunov dimension dc

by,

dc = ¹n ¡ 1 +
»1 + : : : + »¹n

¹n ¡ 1
; (10)

where
P ¹n¡ 1

i=0 »i ¸ 0 and
P ¹n

i =0 »i < 0.
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The derivation of the method for calculating Lyapunov exponents is quite
long and is thus omitted here. Two of the clearest explanations can be
found in Doering & Gibbon (1995)and Robinson(2001), the former of which
calculatesan upper bound on the right hand sideof equation(10) as2:401: : :

The Lyapunov dimension bounds the Hausdor®dimension (Douady &
Oesterl¶u 1980), and this provides classicalupper bound for the Hausdor®
dimensionof the Lorenz global attractor..

4.3 Existing Bounds for Fractal Dimension

Hunt (1996) shows that the Lyapunov dimension also bounds the Fractal
dimension. By the previousresults we have an analytical bound of 2:401: : :
for the fractal dimensionof A .

There are also numerical estimatesof the fractal dimensionof A , often
quoted in papers (amongst others Grassberger & Procaccia 1983, Temam
1997,Russel,Hansonet al. 1980and Hentschel 1982)as around 2:05. How-
ever tracing the referencesdoes not reveal the original sourcefor theseap-
proximations. Moreover, onesuch paper (Greensideet al. 1982)shows that
Takensmethod (Takens1980) for computation of df doesnot converge. Es-
sentially , Takensmethod approximatesthe fractal dimensionof attractors by
counting "-cubeson orbits of points which are closerthan " to the attractor
and then taking the limit as " ! 0. An important question is how long to
evolve the starting points beforestoping and then restarting with a smaller
" . This is related to the issueproducing the convergenceproblems,for as "
decreasesthe probability of visiting certain parts of the attractor vanishes
(DÄor°e & R. Graham 1983). Theseare points closeto the unstable points
at the center of the \eyes". It is this convergenceproblem that McGuiness
(1985) attempts to overcomeby extrapolation.

4.4 The Numerical Result

Beforegiving the numericalestimatefor the fractal dimensionof A , it is very
important to understandthe e®ectof the variousprogram parameterson the
data. We have already noted that the use of uniform time step can lead
unexpected results, and without a thorough analysis on the robustnessof
the resultsobtained by the program onemust remember the estimateis only
a rough approximation. Unfortunately there has not beenenoughtime and
accessto powerful computing facilities during this project to carry this out.
Having said this, a great deal of e®orthas goneinto choosing the best time
step and visual inspections of the attractor have been made (so far as are
currently possible)to ensurebasic properties, such as inclusion of unstable
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points in A , hold. A number of signi¯cant overhaulshave alreadybeenmade
to the program to obtain the estimate.

Finally, notice that the fractal dimension df : Rn ! R¸ 0 is not con-
tinuous when Rn is given the Hausdor®dimension metric, or indeed any
metric. For a point p 2 X , distH(p;N (f pg; ")) = ", but df (f pg) = 0 and
df (N (f pg; ")) = n where n = df (X ). Hence, there is no reasonwhy our
attempts to make distH(A; A ) small shouldresult in the closenessof their di-
mensions.This is a potential problem which requiresfurther consideration,
however there have not been any indications that the numerical result we
shall give is signi¯cantly inaccurate. Indeed, all experimentation with the
programshas lead to only small di®erencesin the dimension(provided the
origin hasremainedinside A), asopposedto the large di®erenceseenin the
above example.

Figure 18 shows the logN (X ; ") vs ¡ log" plot of the data obtained.
The program was run up to the tenth iteration, providing a smallest value
of " = 0:06640625.Mathematica was used to perform linear regressionon
the data set, successively removing more of the beginningpoints. We obtain
the numerical estimate by extrapolating the graph of the linearly regressed
dimensionsversusthe number of removed points. Figure 19 shows how we
obtain the estimate,

df (A ) = 2:045§ 0:003:

4.5 The Num ber of Test Poin ts

In section2.2 we neededto introducea ¯nite collection of test points within
a cube, the imagesof which will represent the imageof the entire cube under
the discrete semi-°ow. An obvious question is how will the number of test
points a®ectthe estimate of A.

There hasnot beenenoughtime to conduct a proper investigation of the
e®ectsof changing the number of test points. However, one would expect
that by increasingthe number of test points, we more closelyapproximate
the theoretical formulation of the algorithm - which is known to converge.
This suggeststhat convergenceto the line L will be faster, sincelessboxes
will be left out and needto be introducedin subsequent iterations.

Figure 20 shows the lines representing the convergenceof the dimension
with increasingiterations. Meshesconsistingof 8, 27 64 and 125test points
per cube wereusedand the results from theseare plotted in Figure 20. The
plots representing 27 and 64 test points are very close. The plots di®er in
length becausean increasein the number of test points dramatically increases
the time the program takesto run.
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Figure 18: Fractal dimension data from the program, logN (X ; " ) vs ¡ log" .
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Figure 19: Extrap olation of the dimension of A .
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Figure 20: Projections showing the e®ectof test points on the approximation,
logN (X ; " ) vs ¡ log" . Starting with the longest plot, the number of test points
are 8, 27, 64 and 125.

In this project 27 test points were chosen as this seemsto provide a
reasonabletradeo®betweencomputational time and convergencetime.

5 Other Dynamical Systems

To ¯nish the project we demonstratethe visualisationcapabilitiesof the pro-
gramsby applying them to two other dynamical systems.The treatment of
thesesystemsis not thorough, but intended to demonstrateprogram poten-
tial and highlight someof the issuesrelated to the program parameters. In
each caseweprovide a selectionof imagesand animationsareavailableat the
project website. A summaryof the imagesobtained for the Lorenzequations
is shown in Figure 23. In each ¯gure of this sectionthe blue point orbits are
drawn in Matlab.

5.1 The RÄossler Equations

The RÄosslerequationsare given by

dx
dt

= ¡ y ¡ z

dy
dt

= x + ay

dz
dt

= b+ z(x ¡ c);
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and we use parametersa = 0:2, b = 0:2 and c = 5:7. RÄossler'sequations
weredeveloped as a caricature of oscillations in chemical reactions.

It wasvery di±cult to obtain a time stepand number of test points giving
a good approximation. Again, this is due to di®erent rates of convergence
in the phasespace.There is an unstable ¯xed near the origin and the time
step required to avoid a hole here is in generaltoo small to get a reasonable
level of convergenceelsewhere.As mentioned in Section2.2 a variable time
step may provide the solution. A partial solution was found at the cost
of computation time. One can set the time step large enough to get fast
convergencetowards the global attractor and then set the number of test
points per cube extremely high to avoid holesnear the unstable point. In
this case400test points per box wereusedto obtain an approximation with
a minimal number of \stra y" points and very few holesnear the origin. See
Figure 21 for the images.

5.2 Chua's Circuit

A simpli¯ed version of the system of equationsknown as Chua's circuit is
given by

dx
dt

= ®(y ¡ m0x ¡
1
3

m1x3)

dy
dt

= x ¡ y + z

dz
dt

= ¡ ¯ y;

where® = 18, ¯ = 33, m0 = ¡ 0; 2 and m1 = 0:01. The variablesx and y are
related to the potential acrosstwo capacitorsand z is related to the current
through an inductor. Further details can be found in Matsumoto, Chua et
al. (1985).

Again there were the sameproblemswith choosing time step. This time
however we solve the problem by specifying a \sub-domain". As beforethe
problem arisesfrom the vector ¯eld and partly from my programming deci-
sion to usea cube domain. A cube domain greatly increasesthe simplicity
and speed of the program, but also meansan unnecessaryamount of the
phase spacemay be included. This may make it impossible to choose a
time step which is small enoughfor inclusion of unstable points but is large
enoughto avoid the presenceof stray points. Such stray points wereseenin
the RÄosslerapproximation. The domain usedin the program for Chua's cir-
cuit was[¡ 19; 19]£ [¡ 19; 19]£ [¡ 19; 19], and this is maintained by a method

35



called domainCheckin the Point class. This method is responsible for dis-
carding points which map outside the domain after one iteration of the dis-
cretesemi-°ow. Wespecify the sub-domainby simply changingthe allowable
points in this domainCheckmethod. Hencewe keepall the bene¯ts of using
a cube domain whilst gaining more accurateapproximations. Motivated by
orbit plots in Matlab the sub-domain[¡ 12; 12]£ [¡ 2:5; 2:5] £ [¡ 19; 19] was
chosen.SeeFigure 22 for the images.

Unfortunately we have not solved the problem, there are still two small
holeswhich canmoreclearly seenin the animation. Wehavehowever reduced
the scaleof the problem,which wasqualitativ ely much worsethan in the case
of the RÄosslerequations.
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Figure 21: Summary of imagesobtained for the RÄosslerequations.
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Figure 22: Summary of imagesobtained for Chua's curcuit.
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Figure 23: Summary of imagesobtained for the Lorenz equations.
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6 Conclusion

We have seenthe development of a new estimate for the fractal dimension
of the Lorenz global attractor. The is achieved via the algorithm of Dellnitz
& Hohmann (1997), which provides a global6 approximation technique for
global attractors. This approach is more direct and doesnot su®erfrom the
sametypesof convergenceproblemsas Takens(1980) approach.

It is desirableto increasethe robustnessof the approximation to global
attractors and thus the calculation of their fractal dimension. We have seen
in sections2.2 and 5 that onecannot always choosea time step appropriate
to the whole domain. This arisesfrom the introduction of a ¯nite set of test
points, the imageof which represent the mapping of an entire region of the
phasespace. Dellnitz & Hohmann only brie°y discussthe implementation
of their algorithm on computer, in particular there is no discussionof the
choiceof time step. HenceI proposethe addition of a variable time step to
the algorithm implementation. i.e. Denoting the phasespaceby H , introduce
a function º : H ! R which is related to the modulus of the vector ¯eld at
a given point, then for p 2 H apply the °ow as S(º (p))p.

These issuesaside the parametersused have been carefully chosenand
indications are that the estimate of the fractal dimension for the Lorenz
global attractor is meaningful.

A summary of the code for the programs written, together with com-
ments, is included in the separatecode booklet. Note that the program is
not restricted to approximations of the LorenzGlobal attractor. By changing
the programs in ways described in Section 5 and the code booklet we can
compute relative global attractors for many dynamical systems. However,
this will almost certainly involve a new set of program parameters.

The programs, imagesand animations produced can be obtained from
the project website

http://www.maths.w arwick.ac.uk/» tearne/

Here there are also approximations of the Lorenz global attractor cal-
culated using smaller time steps. These additional images are not good
approximations of the entire global attractor, however it is believed that the
smallertime stepusedyields fasterconvergenceaway from the origin. Hence,
theseimagescan provide valuable insight into the shape of the attractor at
di®erent places. In particular, at the points where the °ow folds back onto
itself.

6Herewemeanglobal in the senseof the domain considered.i.e. a global approximation
of the relative global attractor.
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8 App endix

This section outlines the structure of the programs implementing the algo-
rithm and someof the problemswhich have occurred.

From this point when we refer to a speci¯c iteration this meansthat the
program has computed up to this iteration in the algorithm of section 2.1.
However, whenwe refer to a speci¯c level we meanthe collection of nodesat
that level, we shall seethe needfor this terminology shortly.

The main challengebehind writing the program hasbeenthe data struc-
ture, which hastakenthreevery di®erent formsover the courseof this project.
First we describe someof the more basicaspectsof the algorithm.

8.1 Algorithm Implemen tation and Visulisation

Test points are distributed just inside each cube in such a way asto createa
3-dimensionalmeshacrossthe domain. A fourth order RungeKutta routine
maps each of these test points forward and then sub boxes are computed
which contain these image points. The boxes are stored in memory and
iterated through during the next iteration to producenew test points.

There are two versionsof the program, each optimised for di®erent tasks.
GlobalAttractorV is the visulisation program. It has the capability to pro-
ducetwo typesof output ¯le, out.3DV and *.stl . AttractorPresenter and
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AttractorPresenter2D then read the out.3DV ¯le and plot a 3-dimensional
manipulable image or a 2-dimensionalprojection respectively. Becausethe
number of boxesis too great to be renderedon screenin real time theseboth
plot points representing the centers of boxes. The *.stl ¯le is compatible
with many 3D animation packages7, and this is how the 3-dimensionalim-
agescontaining cubes and animations were produced. GlobalAttractorN
has had its Java3D dependencestripped out so it can be run on most com-
puters with minimal additional installation. It prints box counting data to
the terminal.

8.2 Data Structures

The ¯rst versionsof the GlobalAttractor programsstoredboxesin a boolean
array. This was achieved by enumerating each potential box in the domain
and inserting a true value in the array at the required index when a box
existed. This method has the advantage of a very quick accesstime for the
box data, becausethe precisememory location representing a given box is
known. However, sincethis method requiresan array which can hold every
potential box in the domain it is very wasteful for memory. In practice it
required around two gigabytes of memory for 10 iterations - including Java
overhead. It was not practical to use virtual memory becauseof the very
slow accesstime.

Next, a box was stored as its corresponding integer in an integer array.
Becauseof the \random" order in which boxesare found by the algorithm,
the array possessedno structure and had to be systematicallysearchedto see
if a box existed before it was added, to avoid duplication. This meant that
the memoryproblemwasshifted to a computational speedproblem. The pro-
gram spent approximately 3 days on the 10th iteration and was accidentally
terminated beforeit was completed!

Finally an oct-tree data structure was tried, a tree in which each node
canhave up to eight children. The code of this data structure wasbuilt from
scratch so that it could be optimised for the task. With this data structure
11 iterations were achieved within 4 hours. A box at the nth level is stored
by ¯nding a \path" of boxes decreasingin size. This is demonstratedas a
2-dimensionalanaloguein ¯gure 24.

The computational e®ort in maintaining the tree is signi¯cantly higher
than the boolean array but lessthan the integer array. Unfortunately the
memory e±ciency improvement (up to iteration 11) seemsnegligible com-
pared to the integer array structure. This is in part due to the large over-

7In this project 3D Studio MAX was usedto import the .stl ¯le for rendering.
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Figure 24: Box identi¯cation and storagein a quad-tree

headwhich java requiresto maintain the tree. However, there are a number
of bene¯ts. We can directly probe the tree to seeif a node exists and the
number of nodes stored at each iteration increasesby a factor of around
4:3 ¼ 22:1 (where2.1 is approximately the dimensionof A ) insteadof 8 = 23.
Finally, if a box at a low iteration is not introduced(as a result of numerical
approximations to the algorithm), then if in the future a box is mapped into
a child of this box, it will be introduced. This makesthe estimateof N (A ; ")
much more accurate. For example, after the third iteration there are 269
cubesat the third level but after completion of the tenth iteration there are
293at level three.
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